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Abstract

Karlin’s (1982) Theorem 5.2 shows that linear systems rdtéing between
growth and mixing phases have lower asymptotic growth widsater mixing.
Here this result is extended to linear differential equatithat combine site-specific
growth or decay rates, and mixing between sites, showirtghba&pectral abscissa
of a matrixD + mA decreases withn, whereD # cI is a real diagonal matrix,
A is an irreducible matrix with non-negative off-diagonamlents (an ML- or es-
sentially non-negative matrix), and > 0. The result is based on the inequality:
u' Av < 7(A), whereu andv are the left and right Perron vectors of the matrix
D + A, and r(A) is the spectral abscissa and Perron rooAofThe result gives
an analytic solution to prior work that relied on two-sitenmmerical simulation of
models of growth and mixing, such as source and sink ecabgiodels, or mul-
tiple tissue compartment models of microbe growth. Theltésis applications to
the Lyapunov stability of perturbations in nonlinear sysse

1 Introduction

Growth and movement are ubiquitous phenomena in physigadbdical, and social
systems. In particular, site-specific growth and decaysratembined with movement
between sites, can be found throughout nature. An even wéghgre of phenomena
may be included if we consider the formal equivalesitite specific growth rates, and
transformations between states.

Karlin (1982) developed two very general theorems on thenasgtic growth rates
of systems combining growth and movement. The context tluitvated these devel-
opments was rather narrow: analysis of the protection oétiewliversity in a sub-
divided population undergoing natural selection and ntigra But the theorems are
fundamental, describing the long-term growth behavior efide range of coupled
linear systems, and the stability of many nonlinear systems

Karlin’s theorems apply to discrete time and discrete sgastems in which a
growth phase is followed by a movement phase, and theseeasteitl. This paper
focuses on one of the theorems, Theorem 5.2, and extends\iiply to continuous
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time and discrete space systems. Extensions to continimesnd continuous space
systems entail greater technicalities and are deferrelddéavbere.

Karlin’s Theorem 5.2 states simply that in a system of olsjeadergoing exponen-
tial growth or decay at different rates in different sitéege greater the level of mixing
of objects between sites, the lower the long-term growth odthe whole aggregation
of objects Here is the theorem, whepgM) is the spectral radius of matrixI, the
largest magnitude of any eigenvalueldf.

Theorem 5.2 (Karlin11982) Let M be a general nonnegative irreducible backward
migration matrix. Consider the family of migration matrige

M(a) = (1 — a)I + aM.
Then for any set of positive fitness valli@s= diag|di, do, . .., d, |,
p(M(a)D)
is decreasing a& increases (strictly, provide® # dI).

While the result is cast in terms of the specific context, igtl be understood that
M can be any irreducible stochastic matrix, ddany positive diagonal matrix.

Karlin used the theorem to analyze the stability of coupledlinear systems,
where each sité has a continuous, differentiable mggz) : [0,1] — [0, 1], so the
coupled system is:

ri(t+1)= ZMijfj(xj (1))

In the population genetics context(0) = 0, and the linearized stability dynamics for
smallx are
x(t) = (M(a) D)"x(0), 1)

where the diagonal elements Bfare D; = dJZ(O). The zero solutiorx(t) = 0 is

unstable to perturbation ff(MD) > 1 and stablg to perturbationg{MD) < 1.

The generality of this result is already evident in that neuagptions are made on
M beyond that it be stochastic, and irreducible, which melag®tis a path of non-zero
elementsM,y, , My, k,, - - ., Mk, ; between any and anyj # ¢. And no assumptions
are placed on the set of nonline&fz) other than that they be differentiable, and their
domain and range be the unit interval, afa(D) = 0.

The first use of this theorem outside its original context twaemnalyze the evolution
of genetic transmission_(Altenberg, 1984; Altenberg andfan, 1987, Altenberg,
2009). There, instead of objects moving between sites, lifexts are genomes trans-
forming between genotypes. Theorem 5.2 translates t@thestion principle the zero
solution for a gene that controls ‘mixing’ between genotyjsainstable to perturbation
(i.e. to introduction of the gene to the population) if thexgeeduces mixing.

The use of this theorem in additional contexts, has to my kedge, not yet oc-
curred. This may be due, perhaps, to the limitation of tharagsions of discrete time
and discrete space, or simply due to the small community @brittical population
geneticists familiar with it.
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Objects: Sites: Site specific growth/decay rates:
genes habitats fithesses
genomes genotypes fitnesses
organisms habitats species survival and reproductios rate
agricultural pests  fields under treatment  replication andigal
microbes tissue compartments survival and replicaticgsrat
metabolites tissue compartments catabolic rates
reactants reaction-diffusion reaction rates

medium
wastes reactors waste breakdown rates
photons media absorption rates
particles heterogenous matter interaction and decay rates
capital investments rates of return

Table 1: A short list of systems exhibiting site-specificwgtto or decay and mixing
between sites.

One may ask whether there is anything about discrete timespack that is essen-
tial to the result, or whether there is a more general phenoméhat may extend to
continuous time and space. Here | show that the result cartbaded to continuous
time and discrete space, namely, to coupled linear diffeakeequations. The result
here applies to any combination of constant exponentialtiror decay rates at dif-
ferent sites, and any constant pattern of movement betwites sThe extension of
Karlin's theory to linear first order differential equat®hrings a much wider domain
of systems into its purview. One can contemplate a variegysfems that contain the
applicable ingredients, shown in Table 1.

2 The System

The system investigated here is of the form

dz_it) = (D 4+ mA) x(¢), (2)
which has solution
x(t) = e®TmA x(0), €)

where

x(t) € R™ is ann-long vector of the quantities in each site at titne
D is arealn x n diagonal matrix of the growth rates at each site,
m > 0 is the global rate of mixing between sites, and

A is arealn x n matrix that represents the movement distribution amesges. A
is anessentially non-negativaatrix (also called Metzler, Metzler-Leontiefor
ML-matrix), defined byM;; > 0 for ¢ # j.
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The matriced andA hold the specifics for a particular system. The diagonal ma-
trix D contains the growth rates, and under the actiob@flone, the time trajectories
@) would be

z;(t) = ePitz;(0).

Exponential growth or decay is determined by whetber- 0 or D; < 0.
The matrix A represents movement between sites (or transformationgebat
states). The form of variation in movement examined herétiseoform:

F(m) =D +m A, 4)

whereA represents theistributionof movement, whilen represents theate of move-
ment. The question | address here is how the global level ofing’, m, affects
the asymptotic growth rates dfl(3), and in particular, trab#ity of the zero solution
x(t) = 0 to perturbations.

The form [4) includes, as a special case, the form considerachrlin (1982), in
which a period of growth is followed by a period of movement:

F(m)=[1-m)I+mP]D =D +m(PD — D), (5)
where
I is the identity matrix, and
P is a stochastic matrix.
In continuous time, both growth and movement occur simeltaisly, so the analog to
@) is:
F(m)=D +m(P —1I). (6)

A typical assumption about movement is that quantity is gteidiuted but con-
served, in which case summing the effect of movement oveteginations produces
zero net change:

e'A=e'(PD-D)=0,ande' (P —-1) =0, (7)
where
e is the vectors of ones, and
T is the transpose of the vector or matrix.

This class includes the generator matrices of continuaue tlarkov chains (also
called ‘intensity’ matrices).
If quantity is lost during movement](7) is replaced by

e'!A=e"(PD-D)<#0,ande’ (P —1I) <#0. (8)
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3 Results

The general phenomenon to be shown is the following:

Main Result. The asymptotic growth rate of
x(t) = ePTmAt 3 (0),

decreases with increasing values of the mixing parameter]f this system exhibits
net growth, then greater mixing inhibits the rate of growththe system exhibits net
decay, then greater mixing enhances the rate of decay.

The asymptotic rate of growth or decay [d (3) is given by #pectral abscissa
of F(m), which is the largest real part of any eigenvaluekgin) (Bernstein 2009,
p. 734, Gantmacher 1989pp. 125-129). For real matrices that have non-negative
off-diagonal elements (ML-matrices), the spectral alsscis always an eigenvalue,
referred to at théerron root Irreducible ML-matrices retain many of the properties
of irreducible non-negative matrices, including the etiste of positive left and right
eigenvectors (the Perron vectors), unique up to scalirag, ahe associated with the
spectral abscissa (the Perron ropt) (Semneta, 1981, pp736-4

This paper considers how variation in the global mixing rat@aries the Perron
root of F(m).

Definitions. Let:
e; be the vector with elemenequal tol, and other elements equal to zero;
r(M) := max; ReX;(M) refer the spectral abscissa of a square maivix

v(A) > 0 refer to the right Perron vector of an irreducible ML-matt, normalized
so thate"v(A) = 1;

u(A)" > 0 refer to the left Perron vector of an irreducible ML-matu, normalized
so thatu(A) Tv(A) = 1 (the different normalization is convenient later); So,

>

=

s
I
-

(A) v(A), and
u(A)TAv(A)

I
S
=
>
\./

3.1 Basic Results
The main result that will be used in the analysis is the foitmyy

Theorem: 1. Let A be ann x n irreducible real matrix with non-negative off-diagonal
elements (an ML-matrix), anD be ann x n diagonal real matrix. Then:

r(A+D) - r(A)<u(A+D)' D v(A +D) (9)

with equality if and only ilD = ¢ I for somec € R.
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Proof. The spectral abscissa of an irreducible ML-matAy,is its Perron root, which

is given by this variational formula (Friedland 1981, Cdaof 3.1, related to the varia-
tional formula of Donsker and Varadhan (1975), and showrnxterel to ML-matrices

inlAltenberg 2009, Lemma 3):

r(A) = sup inf Zpi [Axx]z, (10)

whereP, = {p:p; > 0,>."_ p;i=1} CR"™.

Letx(A) andp(A) be the vectors, as functions &, for which thesup andinf
are attained, where(A) is also normalized so that"" , z;(A) = 1. Thenp(A) and
x(A) are unique critical points for a giveA (Friedland and Karlin 1975, Friedland
1981, and Karlin 1982, p. 195),

x(A) = v(A), (11)
and
P(A) =u(A)ov(A), (12)

whereo is element-wise the Schur-Hadamard product.
As utilized in the proof in_Karlinl(1982, Theorem 5.2), sinkgA) is a unique
critical point in [10), theinf means that any # x(A) produces:

n

[Ax]
r(A) = sup inf Zpl ull

< Zpi(A)—yy_ (13)
i—1 JT

Repeating the analogous step in the proof in Kaltlin (1982&0fém 5.2), ley =
v(A). Then

n [(A+D)v(A)];

YA D
S A ) [Dv(A))
= T(A);pz(A_FD)vl(A) +; (A+D)W

A)+ ipi(A +D)D;
i=1
r(A) +u(A+D)'Dv(A + D).

Hence

r(A) +u(A+D)"Dv(A+D) > r(A+D),
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with equality if and only ifv(A) = v(A + D), which entails

(A+D)v(A) = r(A+D)v(A) = Av(A) +Dv(A)
= r(A)v(A) + Dv(A),

hence[r(A + D) — r(A)]Iv(A) = Dv(A); and sincev(A) > 0, this impliesD =
cI, wherec = r(A + D) — r(A). O

From Theorerilll a number of ancillary results can be obtained:

Corollary: 2 (Convexity Derived) Let A be an irreducible ML-matrix, andD a real
diagonal matrix. Then, fo > 1:

r(A+D) = r(A) < r(2A+D) - r(1A) <u(A+5D)" D v(A+ D),

(14)
with equality if and only ilD = ¢ I for somec € R.
Proof. |[Cohen|(1979) established the convexity relation:
(1-a)r(A)+ar(A+D) > r((1 -a)A+a(A+D)) (15)

for non-negativeA andD, and0 < « < 1. [Friedland|(1981) showed that whénis
irreducible, equality holds if and only D = ¢ I for somec € R. This holds whemA
andD are ML-matrices by the relation(A + cI) — ¢ = r(A), since large enough
will guaranteeA + ¢I > 0.

Rearrangement of (15) gives:

r(A+D)— r(A) >
[r(1—a)A+a(A+D))— r(A)]
[r(3A+D) - r(3A)].

| Llr

Application of [9) gives
u(A +D)'Dv(A +D) > r(A+D) - r(A) > r(LA+D) — r(2A).

The condition for equality in both places is tHat= ¢ I for somec € R.
Multiplying by «, lettingD’ := oD, andg := 1/«:

u(A+D)" aD v(A +D)>ar(A+D)—ar(A) > r(A+aD) - r(A)
—

(A + D) D' v(A+D) = r(3A+D) = r(4A) = r(A+ D) - r(A).

Replacement oD’ by D gives [14). O
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Corollary: 3. Forirreducible ML-matrixA and real diagonal matribD:
u(A +D)"Av(A +D) < r(A), (16)
with equality if and only ilD = ¢ I for somec € R.
Proof. From Theorerll:
u(A +D) ' Dv(A +D)
> (A + D) — r(A)
=u(A+D)" (A+D)v(A+D) - r(A)
=u(A+D)'Av(A+D)
+u(A+D)"Dv(A +D) - r(A),
and rearranging,
r(A) >u(A+D) A v(A +D).
The equality condition is unchanged from Theofdm 1. O

Corollary: 4 (Sums) LetD be a real diagonal matrix, and leA = Z]kvzl Ay, where
{A,} are ML-matrices that share a common right [left] Perron \@ciThen

N
u(A+D)"Av(A+D) <) r(Ay), (17)
k=1

with equality if and only ifD = ¢ I for somec € R.
Proof. Lettingy be the right common Perron vector, then

N N

Ay =r(A)y =) Aiy=y> r(Ai),

k=1 k=1

thus r(A) = fo:l r(A;), and substitution in[(16) yield§ (.7). Fgrequal to a
common left Perron vectoA T is used. O

Corollary: 5 (The ‘Flip’ Theorem|(Bapat and Raghavan, 1997, Theorenby.2L et
A be an irreducible ML-matrix. Ley oz = u(A) o v(A), withy > 0,z > 0. Then

z'Ay>u(A)TAv(A) = r(A).

with equality if and only ify = v(A) oru(A) = v(A).
In particular, when the left and right Perron vectors arepfied’,

v(A)TAu(A) >u(A)TAv(A) = r(A),
if u(A) £ v(A).
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Proof. This is an alternative proof to that giver.in Bapat and Raghd¥997), and this
extends Theorem 3.2.5 to ML-matrices.
Substitutingy; = u;(A)v;(A)/z; and [I2) into[(1B), one gets:

with equality if and only ify = v(A) oru(A) = v(A). O

3.2 Main Result

These results are now applied to extend Karlin’s Theoren(ia#lin,|1982). Theorem
5.2 applies to matriceB'(m) = D + m A, whereD is positive diagonal matrix,
A = (P - I)D, P is an irreducible stochastic matrix, aAd< m < 1. Here, results
are extended t® that may have negative diagonal elements, to arbitrardiicile
and reducible ML-matrices\, and to anym > 0.

Theorem: 6 (Growth and Mixing) LetD be a realn x n diagonal matrix, andA be
arealn x n matrix with non-negative off-diagonal elements (an ML+t Then, for
m > 0:

dr(D 4+ mA) <

r(A), (18)

dm
with equality holding if and only if either:

1. D = cIfor somec € R; or,

2. (a) Aisreducible; and
(b) D, = c1,, for somee € R, for everyx such that:

i. kis anindex on the diagonal blocks in the Frobenius normatfof
A, each block being defined by a subset of the indices, of

ii. D, andI, are the restrictions oD andI under the block of indices
derived fromA, and

iii. on an open neighborhood of:
r(Dx + mA,) = mazy, 7(Dy, + mAy) = r(D+mA).

Moreover, for reducibleA, with « defined as if 2(b)iii, a sharper inequality obtains:

dr(D +mA)

) < r(A) < (A,

with equality on the left side only under conditfod 2b.
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Proof. Case: Irreducible A. WhenF (m) is aC? function ofm, and is an irreducible
ML-matrix on some open set aroumd, then the derivative of its spectral abscissa is
(Altenberg! 2009, Lemma 4):

dr(E no (EE ),

)

m)

where for clarityp(m) := p(F(m)) andx(m) := x(F(m)). Using [11) and{12) one
obtains the classical form (Caswell, 2000, Sec. 9.1.1):

dr(F(m)) dF(m)
g = u(m)" - v(m).
Hence,
dr(D ;—mm A)) (m)T A v(m)
Applying Corollan/(3:
u(m)T(m A)v(m) < r(mA)
— u(m)' Av(m) < r(A),
and thus
W — u(m)TA v(m) < r(A),

with equality if and only ifD = ¢ I for somec € R.

Case: ReducibleA. If A is reducible, its Frobenius normal form is utilized. The
Frobenius normal formA, of a reducible matrixA. permutes the indices until it has
the structure (Gantmacher, 1959. 75):

[ A 0 .. 0 i
_ : . 0
A= 0 e 0 A, (19)
Aipi1 Ao 0 A | A 0 0
: : . 0
i Aiisn Aprs2 0 Appst | Appsirr o0 Aggs |

where the diagonal block& ;, are irreducible square matrices. The eigenvalueA of
are the eigenvalues of the irreducible diagonal block mastA ;, (Altenberg, 2009,
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Lemma 5). Therefore, the spectral absciss&forn) = D + m A is the maximum of
the spectral abscissae:
r(F(m)) = max r(Fpn(m)).

Hence, for every: that satisfies:(F . (m)) = max, r(Fx(m)) on some neighborhood
of m, the result on irreducible matrices yields:

d d
G- T(F(m) = - r(Fu(m)) < r(Ay) (20)

with equality holding if and only iD,, = ¢ I, for somec € R for everyx.
Sincer(A) = maxy, 7(Ap) > r(A,), @0) is seen to be a sharper inequality than
(18): g g
—_— = — < < .
- r(F(m) = o r(Fu(m) < r(A) < r(A) =

Remark: Blocks Ay, ..., A; in (19) are calledsolated blocksIf x(0) is zero on
any isolated block, it remains zero on that block fortalk 0. Shouldr(A) derive
from isolated blocks, then the system will asymptoticalipwg at rater(A) only if
x(0) has non-zero elements for one of those blocks. Therefaegdhmptotic growth
rate for reducibleA. may depend on the initial valug0), whereas for irreducibld it
is independent of any initial value(0) >+# 0.

3.3 Conservative and Lossy Mixing

Inherentto the concepts of movement and mixing is the idetzhie redistributed quan-
tity is conserved or perhaps lost by the movement processdver created. Theorem
is more general and does not assume this. But when the assoriat movement

is conservative or lossy is made, it yields the followingulesas special cases of The-

orem6:

Corollary: 7 (Measure-Preserving Mixing)if ML-matrix A is such that mixing pre-
serves the total measure of quantity, then

dr(D +mA)

<
dm <0

3

with equality under the same conditions as Thedrem 6.

Proof. Measure-preserving mixing meaas A = 0, in which caser(A) = 0, and
this is applied to[(18). O

Corollary: 8 (Lossy Mixing). If ML-matrix A is such that quantity is lost in mixing,
then

dr(D +mA)

0
dm <5

for any real diagonal matriXD.
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Proof. Lossy mixing meang ™ A <=# 0, which implies by subinvariance (Seneta,
1981, Corollary 3, p. 52) that(A) < 0, and this is applied t¢ (18). O

Lemma: 9 (Bounds) Let »(A) = 0. Then:

r(D+mA) € [ml_in(Di), mlax(Di)]

Proof. We know from Cohen (1978) thgt(%M > 0 for any ML-matrix A.. So here,
]
d

dD;

r(D 4+ mA) > 0. Hence

r(max; D;I+mA) = max D; + mr(A) = max D;
> r(D+mA) > r(min; D;I+ mA)
= min D;. o
Theorem: 10 (Limit). For any choice of\ € [max;(D;), min;(D;)], there exists a

family of ML-matrices,F ¢ {A: r(A) = 0}, that yields

lim r(D+mA)=X\forA e F.

m— o0

One such family is:
F = {oze—r —1I: Z%‘Di =\ «a; >0, ande’ a = 1}.
i=1

Proof. First, leta > 0, which makes matriceace” andF(m) := D + m ae’
irreducible, givingF(m) a unique positive right Perron vecterm). Hence

r(F(m)) v(m) = Dv(m) + mae'v(m) — mv(m)

=Dv(m) + m(a — v(m)) 1)
=
vi(m) = r(F(m)) —ZDi +m W +1

By Lemmd®9,r(F(m)) is bounded, hence

When the elements il (R1) are summed:
r(F(m)) e v(m) = r(F(m)) = e Dv(m) + me' (a — v(m))
=e'Dv(m) +m(1—1)

=e'Dv(m).
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Hence,

. . T T
mlgnoo r(F(m)) = n}gnooe Dv(m) =e Da = ; D;q;.
The assumption thak > 0 allows some solution t§_." , D;a; = X for any

A € (max;(D;), min;(D;)). ButforA =D, _orA=D whereimax andimin
are the indices producingax;(D;) andmin;(D;), thenae = e;_, Or @ = e;_,,,
respectively. In these case®, + m ae' is no longer irreducible. The Frobenius
normal form forF(m) = D + m(e;e” —1I)is

?min?

—Dl—m 0
Dg—m

F(m) = 0

Hence, the eigenvalues B+ m(e;e " —I) are the diagonal elemenf®; — m: j #
i} U{D;}. Thus whemm > max;(D; — D;) thenr(F(m)) = D; > D; — m for all
j # 1. So,

lim r(D+m(e;e” —1)) = D;.

m— 00

Lettingi = 4.4 andi = 4,5, completes the construction. O

Corollary: 11 (Stability). Let F(m) = D + m A as in Theorenll6. Suppose that
r(A) < 0. If the solutionx(¢) = 0 is unstable unde3) for somem*, then it is
unstable for all0 < m < m*.

Proof. Instability means that(F(m)) > 0. By TheoreniB, when(A) <0,

dr(F(m))
dm

Hence, if r(F(m*)) > 0, thenr(F(m)) > r(F(m*)) > 0forall0 <m <m*. O

< r(A)<0.

3.4 Additional Results

Corollary: 12 (Heterogeneity) Under low enough mixing, heterogeneity of growth
rates always produces greater asymptotic growth than tleeage of the growth rates:

1 n
Im* > 0: V0 < (D A - D;.
m* > <m<m*:r(D+m )>n;

Proof. WhenD # c I for anyc € R, thenr(D) = max;(D;) > + 37" | D;. Since
the eigenvalues are continuous functions of the entrie® af m A, there is some
neighborhood0, m*) wherer(D +mA) > L 3°" | D; form € (0, m*). O
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Theorem: 13(Convexity) LetD be a real diagonal matrix, and be an irreducible
ML-matrix. Thenr(D +m A) is convex inm. Specifically:
For anymy, ms > 0,m1 # ms and0 < a < 1, one has:

r((1—a) (D +mA)+a(D+meA))
<(1-a) r(D+mA)+arD+meA), (22)

with equality if and only iD = ¢ I, for somee € R.

Proof. Convexity of (D 4+ m A) with respect to diagonal matri® was established
by|Cohen|(1979, Theorem 3). Specifically, for real diagonatrivesD; and ML-
matrix A, for0 < 8 < 1:

r((1 - B8)D; + D2 + A))

<(1-p) r(D1+A)+ 8 r(D2+A). (23)
Friedland|(1981, Theorem 4.1) showed further that equiiffZ3) obtains if and only
if D; — Dy = c1for somec € R.

Convexity with respect to the diagonal matrix implies cofityewith respect tan,
which can be seen by morphiig{22) intol(23) through the ident

rM+mA)=mr(iD+A):

r(D+[(1 — a)mi + ams]A))
= [(1 - a)mi + ams] 7(7[(1_a)w11+am2]D + A)
< (1—a)r(D+mA)+ar(D+meA)
=(1-am T(%D + A)
+ amsy r(mLQD—i—A).

Dividing both sides by1 — a)m; + ams gives:

1
T([(l—a)ml-ﬁ-amg]D + A)
(1—a)m 1
—D+ A
~ (1 —a)mi + amse T(ml + )
(6D 1
—D+A). 24
(1 —a)my + amq T(m2 + ) (24)
Now, define . .
D1 = —D7 DQ = —D7
m 2
and
5= ams s01-_f= (1 —a)m
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Thus [24) becomes:

r((1—p5)D1 + 8D2 + A)
< (1—B) r(D1 +A) + 8 r(Ds + A), (25)

which is [23). The equality conditiod); — Dy = ¢ I for somec € R, becomes
D; — Dy = (1/m; — 1/mg)D = ¢ 1. Sincem; # mao, this is precluded iD # ¢ I
foranyc € R, in which caser(F(m)) is strictly convex inm. O

4 Discussion

The proximate motivation for extending Karlin’s Theorerd rom maps to differen-
tial equations was a theoretical study by Steinmeyer ande/N#009) on the effect of
tissue compartments for antiviral, lethal mutagenesisagine The background of the
problem is that a number of anti-viral agents seem to work byatng the virus to
inviability. But different tissues can concentrate therdipeutic mutagen to different
concentrations. The greater the concentration, the Iowadrthe viral replication rate
becomes. Thus the virus will have different growth ratesiffecent compartments.

Steinmeyer and Wilke (2009) ask how heterogeneity in mutagmncentrations,
and movement of virions between compartments, affectsdbagk needed to cure the
infection. They obtain analytic results for a two companttmaodel, but for more than
two compartments must resort to highand lowm limits, course grained approxima-
tions, and numerical studies, to obtain results.

Their results exhibit a number of salient features. Hers itated where each of
these features is proven analytically:

1. Compartmental heterogeneity of growth rates increaseg-term viral growth
rates above the average of the compartment growth ratesl{@gf12);

2. Greater viral mixing between compartments decreasestigeterm total viral
growth rate (Theoref 6);

3. The decrease in viral growth rate is convex in the amoumiging (Theorem

13);

4. The whole body viral growth rate for all levels of mixinghsunded above by
the maximum growth rate in any compartment (Leniia 9);

5. As the amount mixing of virions between compartmentsdases, it converges
to a weighted average of the compartmental growth ratesofEné 10).

As can be seen, each of these qualitative features obsertteeltwo-compartment and
numerical results of Steinmeyer and Wilke (2009) are in faoperties that extend to
any number of compartments, arbitrary growth rates amongpestments, patterns of
mixing between compartments, and magnitudes of mixing.
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4.1 Wider Application

An intimated in Tabl&€lL, the results here may find applicaitioa diverse array of sys-
tems. The model for viral replication in multiple tissue qmantments in

Steinmeyer and Wilkel (2009) has the same form as ecologioalefs of sink and
source populations (Holt, 1996; Armsworth and Roughggraeas).

In addition to linear dynamical systems of the foiloh (2), mawylinear systems
may have[(R) as the dynamic of small perturbations. It woddrformative to col-
lect other examples of models of the forim (2) from the literatin the various fields
mentioned in Tablg]1.

4.2 Further Extensions

One of the important sources of ML-matrices is the numesoaition of second-order
partial differential equations. The second derivative lsawnliscretely approximated by
the centered difference method, which in one dimensionmg¢ée®a tri-diagonal ML-
matrix (Beattie| 2007, p. 38-4), withs along the super- and sub-diagonals, ad
along the diagonal. Thus, a centered difference approiomsdi

0x(s,t) 0%z (s, t)
ot 0s2
with the proper conditions should be of the fornh (2), and #&utts here would ap-
ply. The second derivative in higher dimensions, such akdpéace operator, also has
discrete approximations that are ML-matrices!(Ng 2007,4ip1 — 40-2; Greenbaum
2007, pp. 41-1 — 41-2), so one can seek analogous resultghethiimensional diffu-
sions.

Under the analytic assumptions for which the solutions efdéntered difference
approximation converge to positive eigenfunction sohasiof [26), one can expect that
the Perron root will be a decreasing functionof

Here | have only touched upon some applications and extesgine might find
for the results presented. The fact that Karlin's result -at thixing reduces growth
— extends from discrete-time/discrete space systems tincmus-time/discrete space
systems, and promises to extend further to continuous timdespace systems, and to
diffusion operators, suggests something fundamentakipktienomenon.

=g(s) z(s,t) + m (26)
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