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Abstiact.DThe simplestdiploid modelof frequeng-dependenselectioncangen-
erateperiodicand chaotictrajectoriesfor the allele frequeng. The modelis of
arandomlymating,in®nitediploid populationwith non-oserlappinggenerations,
sagregating for two allelesunderfrequeng-dependentiability selection. The
®tnessesf eachof the threegenotypess a linear function of the frequencieof
the threegenotypes. The region in the spaceof the coef®cientsthat yields cy-
clesandchaosis exploredanalyticallyand numerically The modelfollows the
period-doublingouteto chaosasseenwith logistic growth models,but includes
additionalphenomenauchasthesimultaneoustability of cycling andchaos.The
generakonditionfor cycling or chaosis thatthe heterozygoteleleteriouslyeffect
all genotypesThekindsof ecologicalinteractionghatcouldgive riseto these®t-
nesgegimesproducingeycling andchaosncludecannibalismpredatomttraction,
habitatdegradationanddiseasdransmission.

The possibilitiesfor complex dynamicalbehavior from eventhe simplestmodels
of populationgrowth regulation (May, 1974, 1976) have led to the examinationof
conditionsthat producecycling and chaosin a wide variety of modelsin population
biology. Most studiesof chaosin populationdynamicshave focusedon the dynamics
of populationsize. Modelsin which cycling or chaoss producedby naturalselection
actingon geneticvariationhave recevedlessattention.

Asmusser(1979,1983)andFelsensteirf1979) have examineddensity-dependent
selectionin populationsexhibiting chaos,but in their models,the chaoticbehavior
resultsnot from the presenceof geneticvariability, but from the form of density
regulationthatis acting. May (1979,1983)examineda symmetric two allelemodelof
frequeng-dependenselectionn whichtheheterozygot®tnesss thegeometrianean
of thehomozygote®tnessed)e shovedthatwhenthe homozygotes ®tnesslecreases
monotonicallywith its frequeng, therecould be at mosta 2-pointlimit cycle, but no
chaoticdynamics.

Thefew modelsof frequeng-dependenselectionthathave beenfoundto produce
chaoseitherinvolve ®tnessethatare complex functionsof the genotyperequencies,
with steeppeakr non-analytigoints,or posthocchoicesof ®tnessunctionsin order
to producechaos. The latter includesthe modelof Cressmar(1988a),in which the
guadraticlogistic curve is simply graftedinto the recursion,and the model of May
(1979,1983)wherethe ®tnesgunctionsaresolvedto producea systemequialentto
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the@canonicalcubic® recursion:  ; 3 , which can producecyclic
andchaoticdynamics.The solution®tnessunctionsare

1 2 1 2
1 and
1
(where is thefrequeng of genotype , andsoforth), andthey do not suggest

ary obviousbiologicalderivationfor their form.

May andAnderson(1983)examinedanepidemiologicaimodelin whichfrequeng-
dependenselectionis generatedby pathogenghatarespeci®dor hostgenotype.In
thistwo-allelemodel,infectioncauseshe®tnessf eachgenotypedo dropprecipitously
with increasingrequeng, andthis drop-of maybe severeenoughto producecycling
or chaos.May (1979,1983)examinedfrequeng-dependenselectiormodelsin which
theheterozygothasa ®tnesequalto the geometrianeanof thetwo homozygoteand
thehomozygote®tnessedecreasenonotonicallywith their frequeng. Thesemodels
exhibitedstablepolymorphismandtwo-pointlimit cycles,but nohigherperiodcycles
or chaos.

Thesestudieamaygivetheimpressiorthatcomple, non-linea®tnesunctionsare
necessaryo producecyclic or chaoticdynamicsfrom frequeng-dependenselection.
Butthegenerahjuestiorhasremainedargely unexamined.Much of theclassicalvork
on frequeng-dependenselectionwas donebeforeit was appreciatedhat nonlinear
differenceequationscould give rise to chaoticdynamics andthereforefocusedon the
characterizatiornf stableequilibria (Wright, 1955; Li, 1955; Clarke and O'Donald,
1964;Cockerham.etal., 1972),which hasalsobeenthe similar focusof morerecent
work (Slatkin,1979;Curtsinger1984a,bl essard;1984;Cressman]1988b).

In this paperl re-examinethe frequeng-dependenselectiormodelof Cockerham
etal. (1972),in which the ®tnessearelinearfunctionsof the genotypefrequencies,
for the possibilitiesfor cycling and chaos. Their model displaysthe simplestform
of frequeng-dependergelectiorarisingfrom interactiondetweerdiploid organisms.
Conditionsarefoundfor the linear coefdcientghat producestablelimit cyclesof ary
periodandalsochaos.The generalquality of theseconditionsis thatthe heterozygote
hasa stronglydeleteriousffectonthe®tnessesf all genotypesandthathomozygotes
have a milder deleteriouseffect on their own ®tnessesThe stronglydeleteriouseffect
is thesortof resultthatcouldcomeout of ecologicaimechanismsuchascannibalism,
predatomattraction habitatdegradationanddiseasdéransmission.

Thefrequeng-dependenselectionexaminedhereproduceghe additionalfeature,
describedby May (1979)for cubic differenceequationsthatis not possiblefor the
guadratidogisticalgrowth models:theremaybetwo simultaneouslgtabldimit cycles
or chaoticattractors.Furthermorejt is possibleto have the simultaneoustability of
bothcycling andchaos.

It was early recognizedhat mary of the behaviors of one-locus,constantselec-
tion modelswould not necessarilyhold for frequeng-dependenselection. These
include®Fisher's Fundamental heorem®hat the mean®tnessncreasesn time, and
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the requirementof overdominancen orderto have protectedpolymorphisms. For
frequeng-dependenselectionon two alleles,Wright (1955)andLi (1955)found an
dadaptivetopographyfunctionwhichdoesincreasen time,andis maximizedat poly-
morphicequilibriawhenthey arestable.However, we will seethatthis2evolutionary
landscape{Michod and Abugov, 1980; Curtsingey 1984a,b)is no predictorof the
cyclic andchaoticbehavior reportechere.

THE MODEL

We consideran in®nite,randomlymating populationof diploid organismswith non-
overlapping generations,segregating for two alleles, and , at a single locus.
Frequeng-dependat viability selectionactson the population. Let designatehe
frequeng of ,and designat¢hefrequeny of , and , ,and  designate
thefrequenciesof genotypes , ,and . Let , , and designate
the®tnessesf thethreegenotypes , and . The®tnessearede®nedslinear
functionsof the genotypdrequenciesasfollows (Cockerham.etal., 1972):

1 1 1 (1)
2 2 2 (2)
3 3 3 (3)
After onegenerationthe genotypdrequencieamongzygotesarein Hardy-Weinbeg

proportions, 2, 2, 2 andtherecursionon the frequeng of
allele hasthewell known form:

- 4)
where is the maginal ®tnesof allele  and— 2
2 2 is themean®tnes®f thepopulation.Using(1a,b,c) themean®tness
evaluatedo
- Y1 22 3 21 4, 23 1 2, 3
82, 23 2, 8, 63 21 6, 43
23 4, 63 1 6, 63 23 22 43 3

Thebehaior of equation(4) with frequeng-independengenotypic®tnesseis well
known. | retracetheanalysisof Lewontin (1958)for the caseof frequeng-dependent

selection. The behaior canbe characterizedy the ®xed points and their
stability properties The ®xed pointsof equation(4) mustsatisfy
D O 5)
where
D _ _

- (6)
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with . Thisoccursfor 0, 1, andfor Asuchthat ,
andthis Asatis®es

A 2 (7)

Since and arecubicin , therearepotentially3 ®xed points(eq. [7]) onthe
openinterval 0 1 (Cockerhametal., 1972).

The stability of ®xed points of equation(4) is determinedby the valuesof the
differential D ateach®»edpoint(Lewontin, 1958):

if D ) 0 then Ais monotonicallyrepelling; (8)
A
if 1 D ) 0 then Ais monotonicallyattracting; (9)
A
if 2 D ) 1 then Ais attractingwith decayingoscillation (10)
aboutit?
if i ) 2 then Ais repellingwith geometricallyincreasing (11)
’ oscillationsaboutit;
if D ) 0 or 2 (nongenericases)then ZDZ Amustbe (12)
’ examinedto determinethe stability; but A changest

mostatanalgebraicatenear A
if — 1 then approachedrapidlywith the possibilityof (13)

decayingoscillations.

Letting be the allele frequeny after generationsa geometricrate of change
meansthat A 0 A , for 0 nearenoughto A, where 0,
and 1 An algebraicrate of changemeansthat for 0 nearenoughto A

A 0o A 1 ,where 0.

We canensurdghatastabldimit cycleor chaotichehavior existsby choosing®tness
parameterthatyield ®edpointswhichareall unstabletheirstabilityconditionsalling
underequationg8) or (12) (this possibilitywasruled out by Lewontin (1958),dueto
an error in assuminghat equation(12) was inconsistentwith equation(4)). Under

genericconditions(excludipg D i 0),thesignsof D AMmustalternate
for successie®»xedpoints A Thusstablecycling or chaoss guaranteefbr aprotected
polymorphismin which condition(8) holdsfor 0 and 1, andwherethereis

oneinternal®xed point A for which condition(12) holds. This situationis illustrated
in ®gurel. It shouldbe notedthat, were therethreeinternal ®xed points (which is
theotherpossiblegenericcasefor a protectedpolymorphismput doesnot arisein the
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Figure1: Conditionsfor cycling or chaosin thecaseof oneinternal®xedpoint. Thesegraphs
arefor the symmetricmodelin which i, Oand ; 1 9,thevalueatwhich cycling ®rst
appears.(a) D is plottedagainst . (b) is plottedagainst , which is the more
familiar formatusedto represensuchrecursve mappinggMay, 1976).

casexonsideredbelon), theouterpairwould haveto satisfyequation(12)to guarantee
cycling or chaos.

Theseconditionsfor cycling or chaosreadily reduceto the following inequalities
onthe®tnessoef®cientsby chainrule differentiationof equation(6):

D _ z_3 o (14)
0 3
D — CHEES (15)
1 1
D o
— AA
A
AR 2 A A A A -
BAR3, 4, 3 2, (16)
ZM 2 32 1 2> 3 2 1
B33 4, 1 2, 3 — 2
Theterms  standfor . | now solve for ®tnessoefdcientshat satisfythese

conditions.
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RESULTS
The completeanalysisrequiressearchinghe nine dimensionalparametespacepro-
ducedby theninecoef®cients , , inequationgl), (2), and(3) to ®ndthatregion

in which cycling or chaosoccurs. To simplify the problem,the dimensionalityof the
parametespacecanbe reducedby makingseveralassumptions. examinethe case
wherethe heterozygot®tnes&qualsthe meanof thetwo homozygot&®tnesseshus,

2 1 3 2 2 1 3 2 and; 1 3 2 (17)
This simpli®escondition(17) to:

D o .
— AA 3 A Az 1 Az 1 2 (18)
A

SYMMETRIC CASE:

A furtherassumptiothatproducesreadyresultis thatthe®tnesselsesymmetriowith
respecto theallelelabels,sothat

3 1 3 1and; 3 (19)

Thenthe®tnessegi[neis thendeterminedby thevalues ;, 1, and ;. Thisregime
yieldsa®edpoint A 1 2and:

D 11
- 20
. 2, (20)

101
— 21
) 2, (21)

D 11 11

—_— 22
4= 1 21 1 (22)

1
2

To satisfyequationg14) and(15) requiresthat ; 1. Satisfyingequationg14)
and(15) alsoensureshat A 1 2istheonly internal®xedpoint. To satisfyequation
(18) requireghat

1 31 1 4 (23)

Alternatively, we canspecifythe®tnessegimein termsof 3, ;and min, theminimal
®tnesattainedoy thehomozygotesn0 1. Sinceequation23) ensureshatthe
®tnesgunctions , , and arecorvex, this entailsthat

1 min 1 min 1 min (24)

and
min 11§01 21 (25)
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Figure 2: Theregion of parametespace( 1 vs. 1) in which cycling or chaosoccursin the
symmetricmodelis shovn by hatchedarea. The hatchedandstippledareassomprisethe region
of positive ®tnesses.

Figure 3: Theregion of parametespaceg 1 Vs. min) in which cycling or chaosoccursin the
symmetricmodelis shavn by hatchedarea. 1 1, 1 min 1 mn 1 mn T2

(solved by differentiatingequation(1)). Thereforethe condition (23) for cycling or
chaossequialentto min 1 191 1 8571 31.Theconstraints ,

, 0 all be greaterthatO impliesthat ; 0, ; 0,and ; 1112
Withoutlossof generalitywe canset 1 1. Theseconstraintarethengivenby the
curvesin ®gure® and3.

Theareasnclosedy the curvesarethe feasiblerangedor cycling or chaos.The
®tnesof the homozygotesnustdrop belov 1 25 for somerangeof in orderfor
cycling or chaogsto occur Figure4 shows plotsof the genotypic®tnesseasfunctions
of for aregimethatproducesycling andaregimethatproduceshaos.

To investigatethe behavior of the allele frequeny trajectoriedor differentvalues
of i1and min, wecantracethelongtermvaluesof asafunctionof theparameter
underdifferentchoicesof i . Figure5 shavs suchdiagramsor four differentvalue
of min .
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Figure 4: Fitnesscurvesfor the symmetricmodel. The curvesfor , , and —
areshowvn. (&) mn 0O,and 1 1 9,thevaluefor theonsetof cycling. (b) min 0, and
1 043, approximatelythevaluefor the onsetof chaos.
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Figure5: Bifurcationdiagramsor the attractorsof  in the symmetricmodel. At eachvalue
of ;,the®gureplotsthelong-termvaluesthat settlesinto, bethey a singlestableequilibrium
(seenfor small 1), limit cycles(the branchedegions)or the cloud of pointsindicatingchaos.
For eachvalueof 1, startingwith aninitial , therecursion(4) is iterated200timesto damp
outtransientsandthenit is iteratedanother300timeswith thevaluesof plotted.(@) min O
;(B) min 0005;(C) min 001; (d) A 3-D plot of valuesversus 1 and min, USING
fewer plottedpointsof for visibility. For eachgraphthereexistsa mirrorimagediagramabout
1 2for thesimultaneouslgtablesecondattractor

These®guresarethe classicaPbifurcation diagramshatdemonstratéhe period-
doubling route to chaos(Feigenbaum,1978). Here, the single stable equilibrium
frequeny Abifurcates,as ; is increasedinto a stabletwo-point limit cycle, which
next bifurcatesinto two simultaneoushstabletwo-pointlimit cycles,eachof which
subsequentlpifurcatesnto limit cyclesof 2 points,with increasingas ;increases,
until 3 reacheghe 2point of accumulation®. Valuesof ; afterthis pointlie in the
achaoticregion® in which the allele frequenciesanfollow trajectoriesthat have ary
possibleperiodor are aperiodic,dependingon 1. As min is increasedthe chaotic
region for the parameter ; liesin anever shorteningnternval until, for nj, 0008,
only cyclic behavior is obsened.

The bifurcation behavior departsfrom the behavior of recursionssuchas

1 which have a singlecritical point (May, 1974)in that,insteadof the period-
doublingatthesecondifurcation theattractoiitself bifurcatesnto two simultaneously
stableattractorsof periodtwo (May, 1979,1983). Thetwo pointsin eachlimit cycle
arenolongersymmetricabout 1 2.

Forexamplewith ; 039and ., O,thetwo limit cyclesconsistof thepairs
of points 0306 0590 and 0410 0694 . Thevaluesof thatcorvergeto oneorthe
otherlimit cycle make up a domainof attractionfor eachcycle. Figure6 shovs how
theinterval 0 1is dividedup into thetwo domainsof attraction. The domains
shov acomple interleaving of intervals;as approacheseveralcritical points,which
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Figure6: Domainsof attractionfor thetwo 2-pointlimit cycleswhen min 0, 1 039.The
x-axisgivesthestartingvalueof . They-axisplotsthevalues takeson after100generations
have passedby which time it hassettledinto oneof the 2-pointlimit cycles. Thuseachpoint

0 mapsto thosetwo pointsthatcomprisdts attractor Thediagonal 0 is plottedfor
reference.

include 0,1 2andl, thereappeato be in®nitelymary switchesbetweerthe two

domainsof attractionmeaningthatthe slightestchangen theinitial allele frequeng

will resultin a different®nallimit cycle. May (1979,1983)consideredhe domains
of attractionfor the similar 2canonicalcubic® system,but did not notethis property

dueto anerroneousissumptiorthateachdomainof attractionconsistedf two simple
intenals.

For min O, two simultaneouslystableattractorspersistfor the approximate
intenal0 317 1 04428,whichincludeghe?pointof accumulation? ; 0430,
for theonsetof chaos.For highervaluesof i, therangeof valuesof ; thatproduce
cycling or chaosis reduced,and the allele frequenciesof the attractorsshifts, asis
shavnin ®gureb.

TWO ASYMMETRIC CASES:

Sincetheassumptiomf exactsymmetryin theabore modelsis biologicallyunrealistic,

it is importantto examinethe behavior of the modelundermore generalconditions.

Keeping 3 1, we canallow 3 to vary independentlyand de®nea measureof

asymmetry: 3 1. Conditions(14) and(15) for cycling or chaosrequirethat
1 1and 1 1, respectiely. Two casewill beconsideredthe®rstin which

both ;and 3 attainthesameminimumvalue, min,over , andthesecondin which
1 3.

Case(a): 1and j3attain the sameminimum value over

In this case equationg24) and(25) still hold, and 3 is now de®neds 3 min
1 mn 1 mn ©2 Thesingleinternal®xedpointis:

2 12
X 3 1 1 1 3 1 1 1 1 1

A
11 23 1




CHAOSFROM LINEAR FREQUENCY¥DEPENDENTSELECTION 11

Figure 7: Bifurcationdiagramdor theattractorsof in theasymmetricamodel,case(a). For
each, min 0. The measureof asymmetryis 3 1. (a) 09; (b) 038; (c)
01.

Welet ; 1 withoutlossof generality Condition (18) producesa comple
expressionthat doesnot clarify the condition. The changedn the behavior of the
systemasdepartdrom 1 canbeseenin thebifurcationdiagramsn ®gure7. As  gets
smaller thereis anincreasean valueof  at which the attractorbifurcatesinto two
simultaneouslstableattractorsandthe split movesfrom the secondo later period-
doublings. It is unclearwhetherat somevalue of thereremainsonly one stable
attractor This canbe seenin ®gureB, which is a closeupof ®gure7b. It canbe seen
thatoveranintenal of a, therearetwo simultaneouslytableattractorspneof which
is a2-pointlimit cycle while the otheris chaotic. Thus,dependingn theinitial allele
frequeng, thepopulationcaneithersettleinto astablecycle or bechaotic. Thedomains
of attractionfor thesetwo attractorsareshowvn in ®gure9 for the example 08,

mn O,and 1 046.

Case(b): 1 3.
In this casethe homozygote®tnessemay attaindifferentminimumvalues:

21 1

=N
[y

1min 11

and

=N

3min 11 1 21 1



