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Abstract.—Thesimplestdiploid modelof frequency-dependentselectioncangen-
erateperiodicandchaotictrajectoriesfor the allele frequency. The model is of
a randomlymating,infinite diploid populationwith non-overlappinggenerations,
segregating for two allelesunderfrequency-dependentviability selection. The
fitnessesof eachof the threegenotypesis a linear functionof the frequenciesof
the threegenotypes.The region in the spaceof the coefficientsthat yields cy-
clesandchaosis exploredanalyticallyandnumerically. The model follows the
period-doublingrouteto chaosasseenwith logistic growth models,but includes
additionalphenomenasuchasthesimultaneousstabilityof cycling andchaos.The
generalconditionfor cycling or chaosis thattheheterozygotedeleteriouslyeffect
all genotypes.Thekindsof ecologicalinteractionsthatcouldgiveriseto thesefit-
nessregimesproducingcyclingandchaosincludecannibalism,predatorattraction,
habitatdegradation,anddiseasetransmission.

Thepossibilitiesfor complex dynamicalbehavior from even the simplestmodels
of populationgrowth regulation (May, 1974, 1976) have led to the examinationof
conditionsthat producecycling andchaosin a wide variety of modelsin population
biology. Most studiesof chaosin populationdynamicshave focusedon thedynamics
of populationsize. Modelsin which cycling or chaosis producedby naturalselection
actingongeneticvariationhavereceivedlessattention.

Asmussen(1979,1983)andFelsenstein(1979)have examineddensity-dependent
selectionin populationsexhibiting chaos,but in their models,the chaoticbehavior
resultsnot from the presenceof geneticvariability, but from the form of density
regulationthatis acting.May (1979,1983)examinedasymmetric,two allelemodelof
frequency-dependentselectionin whichtheheterozygotefitnessis thegeometricmean
of thehomozygotefitnesses;heshowedthatwhenthehomozygote’sfitnessdecreases
monotonicallywith its frequency, therecouldbeat mosta 2-point limit cycle, but no
chaoticdynamics.

Thefew modelsof frequency-dependentselectionthathavebeenfoundto produce
chaoseitherinvolve fitnessesthatarecomplex functionsof thegenotypefrequencies,
with steeppeaksor non-analyticpoints,or posthocchoicesof fitnessfunctionsin order
to producechaos. The latter includesthe modelof Cressman(1988a),in which the
quadraticlogistic curve is simply graftedinto the recursion,and the modelof May
(1979,1983)wherethefitnessfunctionsaresolvedto producea systemequivalentto
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the “canonicalcubic” recursion: 1
3 1 , which canproducecyclic

andchaoticdynamics.Thesolutionfitnessfunctionsare

1 2 1 2

1 and

1

(where is the frequency of genotype , andso forth), andthey do not suggest
any obviousbiologicalderivationfor their form.

MayandAnderson(1983)examinedanepidemiologicalmodelin whichfrequency-
dependentselectionis generatedby pathogensthatarespecificfor hostgenotype.In
thistwo-allelemodel,infectioncausesthefitnessof eachgenotypetodropprecipitously
with increasingfrequency, andthis drop-off maybesevereenoughto producecycling
or chaos.May (1979,1983)examinedfrequency-dependentselectionmodelsin which
theheterozygotehasafitnessequalto thegeometricmeanof thetwo homozygotesand
thehomozygotefitnessesdecreasemonotonicallywith their frequency. Thesemodels
exhibitedstablepolymorphismsandtwo-pointlimit cycles,butnohigher-periodcycles
or chaos.

Thesestudiesmaygivetheimpressionthatcomplex, non-linearfitnessfunctionsare
necessaryto producecyclic or chaoticdynamicsfrom frequency-dependentselection.
But thegeneralquestionhasremainedlargelyunexamined.Muchof theclassicalwork
on frequency-dependent selectionwasdonebeforeit wasappreciatedthat nonlinear
differenceequationscouldgive riseto chaoticdynamics,andthereforefocusedon the
characterizationof stableequilibria (Wright, 1955; Li, 1955; Clarke andO’Donald,
1964;Cockerham,et al., 1972),which hasalsobeenthesimilar focusof morerecent
work (Slatkin,1979;Curtsinger, 1984a,b;Lessard,1984;Cressman,1988b).

In thispaperI re-examinethefrequency-dependentselectionmodelof Cockerham
et al. (1972),in which the fitnessesarelinear functionsof thegenotypefrequencies,
for the possibilitiesfor cycling and chaos. Their modeldisplaysthe simplestform
of frequency-dependentselectionarisingfrom interactionsbetweendiploid organisms.
Conditionsarefoundfor thelinearcoefficientsthatproducestablelimit cyclesof any
periodandalsochaos.Thegeneralqualityof theseconditionsis thattheheterozygote
hasastronglydeleteriouseffectonthefitnessesof all genotypes,andthathomozygotes
havea milder deleteriouseffecton their own fitnesses.Thestronglydeleteriouseffect
is thesortof resultthatcouldcomeoutof ecologicalmechanismssuchascannibalism,
predatorattraction,habitatdegradation,anddiseasetransmission.

Thefrequency-dependentselectionexaminedhereproducestheadditionalfeature,
describedby May (1979) for cubic differenceequations,that is not possiblefor the
quadraticlogisticalgrowthmodels:theremaybetwo simultaneouslystablelimit cycles
or chaoticattractors.Furthermore,it is possibleto have thesimultaneousstability of
bothcycling andchaos.

It wasearly recognizedthat many of the behaviors of one-locus,constantselec-
tion modelswould not necessarilyhold for frequency-dependentselection. These
include“Fisher’s FundamentalTheorem”that themeanfitnessincreasesin time, and
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the requirementof overdominancein order to have protectedpolymorphisms. For
frequency-dependentselectionon two alleles,Wright (1955)andLi (1955)found an
“adaptivetopography”functionwhichdoesincreasein time,andis maximizedatpoly-
morphicequilibriawhenthey arestable.However, we will seethatthis “evolutionary
landscape”(Michod and Abugov, 1980; Curtsinger, 1984a,b)is no predictorof the
cyclic andchaoticbehavior reportedhere.

THE MODEL

We consideran infinite, randomlymatingpopulationof diploid organismswith non-
overlappinggenerations,segregating for two alleles, and , at a single locus.
Frequency-dependent viability selectionactson the population. Let designatethe
frequency of , and designatethefrequency of , and , , and designate
the frequenciesof genotypes , , and . Let , , and designate
thefitnessesof thethreegenotypes , and . Thefitnessesaredefinedaslinear
functionsof thegenotypefrequenciesasfollows (Cockerham,etal., 1972):

1 1 1 (1)

2 2 2 (2)

3 3 3 (3)

After onegeneration,thegenotypefrequenciesamongzygotesarein Hardy-Weinberg
proportions, 2, 2 , 2, andtherecursionon the frequency of
allele hasthewell known form:

(4)

where is the marginal fitnessof allele and 2

2 2 is themeanfitnessof thepopulation.Using(1a,b,c),themeanfitness
evaluatesto

4
1 2 2 3 2 1 4 2 2 3 1 2 2 3

3 2 2 2 3 2 1 8 2 6 3 2 1 6 2 4 3
2

3 4 2 6 3 1 6 2 6 3 2 3 2 2 4 3 3

Thebehaviorof equation(4)with frequency-independentgenotypicfitnessesiswell
known. I retracetheanalysisof Lewontin (1958)for thecaseof frequency-dependent
selection. The behavior can be characterizedby the fixed points and their
stabilityproperties.Thefixedpointsof equation(4) mustsatisfy

∆ 0 (5)

where

∆
(6)
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with . Thisoccursfor 0, 1, andfor ˆ suchthat ,
andthis ˆ satisfies

ˆ 2 (7)

Since and arecubic in , therearepotentially3 fixedpoints(eq. [7]) on the
openinterval 0 1 (Cockerham,etal., 1972).

The stability of fixed points of equation(4) is determinedby the valuesof the
differential ∆ ateachfixedpoint (Lewontin,1958):

if
∆

ˆ

0 then ˆ is monotonicallyrepelling; (8)

if 1
∆

ˆ

0 then ˆ is monotonicallyattracting; (9)

if 2
∆

ˆ

1 then ˆ is attractingwith decayingoscillation (10)

aboutit;

if
∆

ˆ

2 then ˆ is repellingwith geometricallyincreasing (11)

oscillationsaboutit;

if
∆

ˆ

0 or 2 (nongenericcases),then
2∆

2
ˆ
mustbe (12)

examinedto determinethestability, but ˆ changesat

mostatanalgebraicratenear ˆ;

if
∆

ˆ

1 then approacheŝ rapidlywith thepossibilityof (13)

decayingoscillations.

Letting be the allele frequency after generations,a geometricrate of change
meansthat ˆ 0 ˆ , for 0 nearenoughto ˆ , where 0,
and 1. An algebraicrate of changemeansthat for 0 near enoughto ˆ,

ˆ 0 ˆ 1 , where 0.
Wecanensurethatastablelimit cycleor chaoticbehavior existsbychoosingfitness

parametersthatyieldfixedpointswhichareall unstable,theirstabilityconditionsfalling
underequations(8) or (12) (this possibilitywasruledout by Lewontin (1958),dueto
an error in assumingthat equation(12) was inconsistentwith equation(4)). Under
genericconditions(excluding ∆ ˆ 0), the signsof ∆ ˆ mustalternate
for successivefixedpoints ˆ. Thusstablecycling or chaosis guaranteedfor aprotected
polymorphismin which condition(8) holdsfor 0 and 1, andwherethereis
oneinternalfixedpoint ˆ, for which condition(12) holds. This situationis illustrated
in figure 1. It shouldbe notedthat, were therethreeinternalfixed points(which is
theotherpossiblegenericcasefor a protectedpolymorphism,but doesnot arisein the
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Figure1: Conditionsfor cycling or chaosin thecaseof oneinternalfixedpoint. Thesegraphs
arefor thesymmetricmodelin which min 0 and 1 1 9, thevalueat which cycling first
appears.(a) ∆ is plottedagainst . (b) is plottedagainst , which is the more
familiar formatusedto representsuchrecursivemappings(May, 1976).

casesconsideredbelow), theouterpairwouldhavetosatisfyequation(12)to guarantee
cycling or chaos.

Theseconditionsfor cycling or chaosreadily reduceto the following inequalities
on thefitnesscoefficients,by chainruledifferentiationof equation(6):

∆

0

2 3

3
0; (14)

∆

1

2 1

1
0; (15)

∆

ˆ

ˆ ˆ

ˆ ˆ 2 ˆ ˆ ˆ ˆ

ˆ ˆ ˆ2 3 1 4 2 3 2 2 1 (16)

2ˆ ˆ 2 3 2 1 2 2 3 2 1

ˆ2 3 3 4 2 1 2 2 3 2

Theterms standfor . I now solve for fitnesscoefficientsthatsatisfythese
conditions.
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RESULTS

The completeanalysisrequiressearchingthe nine dimensionalparameterspacepro-
ducedby theninecoefficients , , in equations(1), (2), and(3) to find thatregion
in which cycling or chaosoccurs.To simplify theproblem,thedimensionalityof the
parameterspacecanbe reducedby makingseveralassumptions.I examinethe case
wheretheheterozygotefitnessequalsthemeanof thetwo homozygotefitnesses,thus,

2 1 3 2 2 1 3 2 and 2 1 3 2 (17)

Thissimplifiescondition(17) to:

∆

ˆ

ˆ ˆ ˆ 1 3 ˆ ˆ 3 1 ˆ 3 1 2 (18)

SYMMETRIC CASE:

A furtherassumptionthatproducesareadyresultis thatthefitnessesbesymmetricwith
respectto theallelelabels,sothat

3 1 3 1 and 1 3 (19)

Thenthefitnessregimeis thendeterminedby thevalues 1, 1 , and 1 . This regime
yieldsafixedpoint ˆ 1 2 and:

∆

0

1 1

2 1
(20)

∆

1

1 1

2 1
(21)

∆
1
2

1 1

4
1 1

1 2 1 1
(22)

To satisfyequations(14) and(15) requiresthat 1 1. Satisfyingequations(14)
and(15) alsoensuresthat ˆ 1 2 is theonly internalfixedpoint. To satisfyequation
(18) requiresthat

1 3 1 1 4 (23)

Alternatively, wecanspecifythefitnessregimein termsof 1, 1 and min, theminimal
fitnessattainedby thehomozygoteson0 1. Sinceequation(23)ensuresthatthe
fitnessfunctions , , and areconvex, thisentailsthat

1 min 1 min 1 min (24)

and
min 1 1

2
1 1 2 1 1 (25)
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Figure 2: The region of parameterspace( 1 vs. 1) in which cycling or chaosoccursin the
symmetricmodelis shown by hatchedarea.Thehatchedandstippledareascomprisetheregion
of positive fitnesses.

Figure3: Theregion of parameterspace( 1 vs. min) in which cycling or chaosoccursin the
symmetricmodelis shown by hatchedarea. 1 1, 1 min 1 min 1 min

1 2.

(solved by differentiatingequation(1)). Thereforethe condition(23) for cycling or
chaosis equivalentto min 1 1 9 1 1 8 5 1 3 1 . Theconstraints ,

, 0 all be greaterthat 0 implies that 1 0, 1 0, and 1 1 1
1 2.

Without lossof generalitywe canset 1 1. Theseconstraintsarethengivenby the
curvesin figures2 and3.

Theareasenclosedby thecurvesarethefeasiblerangesfor cycling or chaos.The
fitnessof the homozygotesmustdrop below 1 25 for somerangeof in order for
cycling or chaosto occur. Figure4 showsplotsof thegenotypicfitnessesasfunctions
of for a regimethatproducescycling andaregimethatproduceschaos.

To investigatethebehavior of theallele frequency trajectoriesfor differentvalues
of 1 and min , wecantracethelongtermvaluesof asafunctionof theparameter 1

underdifferentchoicesof min . Figure5 showssuchdiagramsfor four differentvalue
of min .
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Figure 4: Fitnesscurvesfor the symmetricmodel. The curvesfor , , and
areshown. (a) min 0, and 1 1 9, thevaluefor theonsetof cycling. (b) min 0, and

1 0 43,approximatelythevaluefor theonsetof chaos.
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Figure 5: Bifurcationdiagramsfor theattractorsof in thesymmetricmodel. At eachvalue
of 1, thefigureplotsthelong-termvaluesthat settlesinto, bethey a singlestableequilibrium
(seenfor small 1), limit cycles(thebranchedregions)or thecloudof pointsindicatingchaos.
For eachvalueof 1, startingwith an initial , the recursion(4) is iterated200 timesto damp
out transients,andthenit is iteratedanother300timeswith thevaluesof plotted.(a) min 0
; (b) min 0 005; (c) min 0 01; (d) A 3-D plot of valuesversus 1 and min, using
fewerplottedpointsof for visibility. For eachgraphthereexistsamirror imagediagramabout

1 2 for thesimultaneouslystablesecondattractor.

Thesefiguresaretheclassical“bifurcationdiagrams”thatdemonstratetheperiod-
doubling route to chaos(Feigenbaum,1978). Here, the single stableequilibrium
frequency ˆ bifurcates,as 1 is increased,into a stabletwo-point limit cycle, which
next bifurcatesinto two simultaneouslystabletwo-point limit cycles,eachof which
subsequentlybifurcatesinto limit cyclesof 2 points,with increasingas 1 increases,
until 1 reachesthe “point of accumulation”. Valuesof 1 after this point lie in the
“chaotic region” in which the allele frequenciescanfollow trajectoriesthathave any
possibleperiodor areaperiodic,dependingon 1. As min is increased,the chaotic
region for theparameter 1 lies in anever shorteninginterval until, for min 0 008,
only cyclic behavior is observed.

The bifurcation behavior departsfrom the behavior of recursionssuchas
1 which havea singlecritical point (May, 1974)in that,insteadof theperiod-

doublingatthesecondbifurcation,theattractoritselfbifurcatesinto two simultaneously
stableattractorsof periodtwo (May, 1979,1983). Thetwo pointsin eachlimit cycle
areno longersymmetricabout 1 2.

For example,with 1 0 39and min 0, thetwo limit cyclesconsistof thepairs
of points 0 306 0 590 and 0 410 0 694 . Thevaluesof thatconvergeto oneor the
otherlimit cycle make up a domainof attractionfor eachcycle. Figure6 shows how
theinterval 0 1 is dividedup into thetwo domainsof attraction.Thedomains
show acomplex interleaving of intervals;as approachesseveralcritical points,which
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Figure6: Domainsof attractionfor thetwo2-pointlimit cycleswhen min 0, 1 0 39. The
x-axisgivesthestartingvalueof . They-axisplotsthevalues takeson after100generations
have passed,by which time it hassettledinto oneof the2-point limit cycles. Thuseachpoint

0 mapsto thosetwo pointsthatcompriseits attractor. Thediagonal 0 is plottedfor
reference.

include 0, 1 2 and1, thereappearto beinfinitely many switchesbetweenthetwo
domainsof attraction,meaningthat theslightestchangein theinitial allele frequency
will result in a differentfinal limit cycle. May (1979,1983)consideredthe domains
of attractionfor the similar “canonicalcubic” system,but did not notethis property,
dueto anerroneousassumptionthateachdomainof attractionconsistedof two simple
intervals.

For min 0, two simultaneouslystableattractorspersistfor the approximate
interval0 317 1 0 4428,whichincludesthe“point of accumulation”, 1 0 430,
for theonsetof chaos.For highervaluesof min, therangeof valuesof 1 thatproduce
cycling or chaosis reduced,and the allele frequenciesof the attractorsshifts, as is
shown in figure5.

TWO ASYMMETRIC CASES:

Sincetheassumptionof exactsymmetryin theabovemodelsis biologicallyunrealistic,
it is importantto examinethe behavior of the modelundermoregeneralconditions.
Keeping 3 1, we can allow 3 to vary independently, and definea measureof
asymmetry: 3 1. Conditions(14) and(15) for cycling or chaosrequirethat

1 1 and 1 1 , respectively. Two caseswill beconsidered,thefirst in which
both 1 and 3 attainthesameminimumvalue, min , over , andthesecond,in which

1 3.

Case(a): 1 and 3 attain the sameminimum valueover .

In this case,equations(24) and(25) still hold, and 3 is now definedas 3 min

1 min 1 min
1 2. Thesingleinternalfixedpoint is:

ˆ 3 1 1 1 3 1
2

1 1 1 1
1 2

1 1 2 3 1
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Figure7: Bifurcationdiagramsfor theattractorsof in theasymmetricalmodel,case(a). For
each, min 0. The measureof asymmetryis 3 1. (a) 0 9; (b) 0 8; (c)

0 1.

We let 1 1 without loss of generality. Condition (18) producesa complex
expressionthat doesnot clarify the condition. The changesin the behavior of the
systemasdepartsfrom 1 canbeseenin thebifurcationdiagramsin figure7. As gets
smaller, thereis an increasein valueof 1 at which the attractorbifurcatesinto two
simultaneouslystableattractors,andthe split movesfrom the secondto later period-
doublings. It is unclearwhetherat somevalue of thereremainsonly one stable
attractor. This canbeseenin figure8, which is a closeupof figure7b. It canbeseen
thatoveraninterval of a , therearetwo simultaneouslystableattractors,oneof which
is a 2-pointlimit cyclewhile theotheris chaotic.Thus,dependingon theinitial allele
frequency, thepopulationcaneithersettleintoastablecycleorbechaotic.Thedomains
of attractionfor thesetwo attractorsareshown in figure 9 for the example 0 8,

min 0, and 1 0 46.

Case(b): 1 3.

In thiscase,thehomozygotefitnessesmayattaindifferentminimumvalues:

1min 1 1
2
1 1 2 1 1

and
3min 1 1

2
1 1 2 1 1
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a1

p

0.75

0.25
0.40 0.56

Figure8: Closeupof figure7b. Here,thepointsplottedaretheattractorfor theinitial frequency
10 9. The bifurcation into the two simultaneouslystableattractorsoccursthrougha

“tangentbifurcation” (May andOster, 1976)after 1 hasincreasedpastthepoint of thesecond
period-doubling.

Figure9: Domainsof attractionfor thetwosimultaneouslystableattractorsin theasymmetrical
case,in which oneis a two-pointcycle andtheotherchaotic.Thex-axisgivesthestartingvalue
of . They-axis plots the values takeson from generation100 to generation200,by which
timeit hassettledinto eitherthe2-pointlimit cycleor thechaoticattractor. Eachpointp(0)maps
eitherto the pair of points 0 295 0 577 of the 2-pointcycle, or the two bandsof pointsthat
comprisethechaoticattractor. Thediagonal, 0 , is plottedfor reference. 0 8,

1 0 46,and min 0.
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Figure10: Hatchedareashows theregion of theparameterspace( vs. 1) in which cycling
or chaoscanoccurfor theasymmetricmodelin which 1 3, 3 1, and 1 3.

Wemaylet 1 without lossof generality, andthen 1min 3min. Letting 1 1,
condition(18) for cycling or chaosreducesto:

1 1 1 1 1 3 1 4 1 1 1 1
1 2

Thesingleinternalfixedpoint is

ˆ 1 1 1 1 1 1
1 2

1 1

Becausethe condition 3min 0 entails 1 1
1 2, the rangeof that allows

satisfactionof equation(18) is restrictedto

3 2
1 6 1 7 4 1 1 2 1 1

1 2
1 9 2

1 22 1 17

This is shown in figure10.
Therelationof thesystem’sbehavior to is quitecomplex. Thesampleof bifurca-

tiondiagramsin figure11show thatchangesin producelargechangesin thosevalues
of 1 that producecycling or chaos. The systemcanproducesimultaneousstability
of cycling andchaos,asin figure9, for at leastthecases0 98 1 . It canalso
produceintricatesuperpositionsof period-doublingandperiod-halvingbifurcations,
asis shown in figure 12. Thesefiguresareshown only asexemplarsof the kinds of
complexity thatemergefrom asymmetriesin thefitnesscoefficients.

DISCUSSION

The purposeof this paperhas beento examine the frequency-dependentselection
model of Cockerham,et al. (1972) for coefficients in the linear fitnessfunctions
thatproducecycling andchaotictrajectoriesof theallelefrequenciesover time. I have
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Figure 11: Bifurcation diagramsfor the attractorsof in the asymmetricalmodel,case(b).
For each, 3min 0. Themeasureof asymmetryis 3 1. (a) 0 97 ; (b) 0 9.

0.503

0.513

a1

p 0.720.38

Figure 12: Closeupof figure 11b. Here, the points plottedare the attractorfor the initial
frequency 10 7 . Thecomplex bifurcationpatternsappearto involvesuperpositionsof the
genericperiod-doublingpattern.
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consideredthespecial casewheretheheterozygotefitnessisthemeanof thehomozygote
fitnesses.Under theseconstraints,the requirementsfor cycling or chaosare1) that
the heterozygotehave a stronglydeleteriouseffect on the fitnessesof all genotypes,
and2) thateachhomozygotehave a mildly deleteriouseffect on its own fitness.The
latterconditionis theclassicalsituationof “apostatic”frequency-dependentselection
(Clarke,1969),theresultof heightenedecologicalcompetitionorothernegativeimpacts
betweengeneticallysimilar conspecifics.The fitnessinteractionscanbe illuminated
by writing thefitnessfunctionsas

(26)

where is the“base”fitnessof genotype . Undertheassumptionsconsideredhere,
1 for 1, 2, and3, soantagonisticeffectsof eachgenotypeupongenotype

correspondto 1 , 1 , or 1 , andbeneficialeffectscorrespondto 1 ,
1 , or 1 . Thus,apostaticselectionamongthehomozygotesrequires 1 1

and 3 1. This conditionis whatprotectsthepolymorphism,giventheassumptions
in thesymmetricandasymmetriccases.Figures5,7 and11show thatcycling or chaos
do not occurwhen 1 (andhence 3) is too low. In the symmetriccase,cycling and
chaosoccuronly for 1 9 1 1.

Theconditionsfor cycling andchaosherearesimilarto thosein May andAnderson
(1983)in that thefitnessesof eachgenotypedropto very low valuesfor intermediate
valuesof theallelefrequencies.Cyclingor chaosoccursbecause,at frequencieswhere
thedeleteriousheterozygotehasreducedall fitnessesto very low levels, theapostatic
selective advantageto thehomozygotesof beingrareis greatlymagnified,producing
anovershootin the responseof the populationto displacementfrom the equilibrium.
This associationof very low fitnesseswith cycling and chaosstandsin contrastto
the behavior of density-regulationmodels,in which high fecunditiesarerequiredto
producecycling or chaos.Thus,the biologicalsituationsin which cycling andchaos
wouldarisecanbeexpectedto beverydifferentin thetwo cases.

Thenecessitythattheheterozygoteproduceanegativeeffectonothers’fitnessesin
orderto havechaos,derivedunderthespecialassumptionsconsideredhere,is likely to
bea robustconditionof chaosfor linearfitnessfunctions.This is thegeneralrouteby
which thevery low fitnessesat intermediateallele frequenciescanbeproducedwhen
thefitnessinteractioncoefficientsbetweengenotypesarefixedasthey arehere.

Interpretationof thefitnessregimes.For field biologistswishingtodiscernwhether
fluctuationsin populationsizesor genefrequenciesare cyclic, chaotic, externally
driven, or stochastic,a variety of statisticalapproacheshave beenexplored. These
include estimatesof the attractordimensionfor the system,non-linearforecasting
(SugiharaandMay, 1990),andestimatesof Lyapunov exponents.Ellner (1991)gives
acritical review of thesetechniques,andEllneretal. (1991)andNychkaetal. (1991)
havedevelopedmethodsof estimatingLyapunov exponentsthatovercomesomeof the
problemsof othermethodsandoffer severaladvantages.All methodsinvolve trade-
offs betweensamplesizes,statisticalpower, andcomputationalintensity, andstill pose
substantialpracticalproblemsfor field studies.
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In thecasesof chaosandcycling studiedhere,interpretationof thefitnessregimes
canat leastpoint to situationsmore likely to producechaosor cycling. Biological
conditionsthat would give rise to the stronglydeleteriouseffect of the heterozygote
thatis requiredfor cycling andchaoswould involve,first, a very antagonisticmodeof
ecologicalinteractionwithin thespecies,andsecond,a strongoverdominancefor this
modeof interaction.

Thereareseveralecologicalphenomenain which a phenotypecould have a dra-
matically deleteriouseffect on the fitnessof all genotypes. One of thesecould be
cannibalism. Cannibalismis observed amonga wide enoughrangeof taxa(having
beenreportedin protozoa,planaria,rotifers, snails,copepods,centipedes,mites, in-
sects,fish, anurans,birds, and mammals(Fox, 1975)) to make it of interestin this
context. Geneticvariability for cannibalismhasbeendocumentedin flour beetles,
flatworms,rotifers,spadefoottoads,poeciliidfishes(Fox,1975)andthemothHeliothis
virescens(Gould,1986).

Usingthealternativeexpressionfor thefitnessfunctions(26),theinterpretationof b
asameasureof theheterozygote’scannibalismwouldmeanthat,for thesymmetriccase,
eachheterozygotewoulddevour1 1otherindividualsonaveragebeforereproduction.
So,for example,when 1 0 5, 1 1, a heterozygotephenotypefor consumingan
averageof 1.7otherindividuals( 1 0 7) would producechaoticdynamics.

The geneticsof cannibalismin the flour beetle(genusTribolium) hasbeenthe
subjectof severalstudies.A numberof the featuresthatproducechaosin the model
studiedherearefound in the studyof cannibalismby Stevens(1989): first, thereis
geneticvariationproducinglarge differencesin the levelsof cannibalism;second,as
ananalogto thevariationin themeanfitnessesdescribedhere,Stevensfoundten-fold
differencesin the equilibrium populationsizesof the differentstrainsof Tribolium,
which correlatedinverselywith the amountof cannibalism. In fact, if cannibalism
is sufficiently great, it can lead to populationextinction (Park et al., 1964). Third,
as in the currentmodel, the selective advantageaccruingto cannibalisticbehavior
wasslight or nonexistent(Stevens,1989). However, Stevens’s resultsdepartfrom the
model consideredherein several ways: first, the geneticvariation for cannibalism
was found to be polygenic; second,there is only small dominancedeviancefrom
additive effects, rather than the strongoverdominanceinvestigatedhere; and third,
the populationsdescribedby Stevenshave interactionbetweenseveral overlapping
demographicstages,while themodelhereis of strictly non-overlapping,singlecohort
generations.Therefore,as is usually the casefor simple models,thereis no ready
biologicalsituationdocumentedfor which thismodeldirectlyapplies.

Several other ecologicalinteractionscan be consideredas interpretationsof the
fitnesseffectsdescribedhere. The strongly antagonisticeffect requiredof the het-
erozygotecould be producedby predatorattraction,habitatdegradation,or disease
transmission. Predatorattractionhasbeenstudiedas a likely causeof frequency-
dependentselectionandfound to have diversemodesof actionin this regard(Allen,
1988). In the modelsexaminedhere,the cyclic or chaoticregimescould resultfrom
theproductionof a non-crypticheterozygotephenotypefrom two cryptichomozygote
phenotypes.Theconditionthatall genotypesbenegativelyaffectedby theheterozygote
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requiresa situationin which predators,onceattractedto a groupof theorganisms,are
ableto prey on themequally. Alternatively, for a populationin which the frequency
of palatableversusunpalatableindividualsdeterminestherateof predationon theen-
tire population,a palatableheterozygoteamongtwo unpalatablehomozygotescould
producetheconditionsfor cycling describedhere.

Habitatdegradationasa form of deleteriousintraspecificinteractioncould result
from any numberof causes. For organismsthat relied on hostsfor somepart of
their lifecycle, a heterozygotethat causeddiseaseor othermortality or unsuitability
in the host could give rise to the fitnessregimes that producecycling and chaos.
A variety of mechanismscan be describedin which the heterozygotewould cause
increaseddiseasemortality for all thegenotypesin thepopulation.Thismight include
a “Typhoid Mary” phenotype,in which a certain percentageof the heterozygotes
werethe sourceof diseasetransmissionto theentirepopulation. Alternatively, some
behavior or byproductof theheterozygotecouldattractdiseasebearingvectorsto the
population,for example,throughbehavior thatcontaminatedpopulationwatersupplies,
orsecondarycompoundsthatattracteddiseasebearingorganismsto thepopulation.For
thesescenariosto producethe linear form of frequency-dependence, any population
dynamicsof thediseaseagentmustbeassumedto beof negligible effect.

The areaof the parameterspacethat producescycling or chaosis small, but not
negligible. Thesmallnessof theareais duelargely to therequirementthatthefitnesses
be linear functionsof the genotypefrequencies,which was adoptedto demonstrate
thatcomplex behavior is possiblefor thesimplestkind of frequency-dependence. The
parameterboundaryb ac couldbeextendedif weallowedthefitnesses , , and

to simply betruncatedat0 for thosefrequenciesat which they would benegative
undertheformsin (1a,b,c).Thiswouldincreasethefeasiblespacefor cycling orchaos.
Truncationof the fitnessesat 0 would alsobe the naturalexpectationfor situations
in which non-Hardy-Weinberg proportionswould make fitnessesnegative underthe
forms(1a,b,c).Thegeneralrequirementfor cycling or chaosis thatfitnessesof each
homozygotedropto very low valuesfor someallelefrequency, asfigure3 shows.

Thereis no “adaptive topography”. In consideringhow Fisher’s “Fundamental
Theorem”would applyto populationssegregatingfor multiple loci, Wright developed
theideaof the“adaptivetopography”,in which thespaceof genotypefrequencieswas
conceivedof asa field uponwhich wasdefineda fitnessfunction,andthepopulation
would tend to move to peaksof this fitnessfunction (Wright, 1969). Models of
frequency-dependentselectionpresenteda problemfor this heuristic in that fitness
peaksmightnotcoincidewith stableequilibria.Wright (1955)andLi (1955)produced
a “fitnessfunction” for thecaseof two alleles,recentlyelaborateduponby Curtsinger
(1984a,b)andMichodandAbugov (1980),whichpreservedthe“adaptivetopography”
property, in that it wasmaximizedat any stableequilibrium. Thefunctionis thesum
overgenotypesi of theindefiniteintegrals
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Substitutionfrom equation(6) readilyshowsthat

2
∆

For any stableequilibriumpoint ˆ, is positive for ˆ andnegative for ˆ, therefore
is maximizedat ˆ bydefinition. It shouldbenotedthatf(p) hasnoreadybiological

interpretation.
Wright (1969) recognizedthat the existenceof this function was an artifact of

the two-allele model,which madethe gene-frequency “field” one-dimensional.He
describescasesof frequency-dependentselectionwith threeallelesthatproducestable
cycling, andhencerule out, in principle,thegeneralexistenceof a Lyapunov “fitness
function”.

Wright doesnot addressthepossibilityof cycling or chaosin thetwo-allelemodel
which would precludethe maximizationof the “fitnessfunction” by the population.
Curtsinger(1984b)exploredthis possibility, andproducedconditionson polynomial
fitnessfunctionsthataresufficient, by excludingcyclic or chaoticbehavior, to assure
theexistenceof the“adaptivetopography”(i.e. aLyapunov function)in thetwo-allele
case. So in the casesof cycling and chaosdescribedhere, the polynomial fitness
functionsfall outsidetheseconditions.Although maystill reachalocalmaximum
for fixedpoints ˆ, thispropertynolongerreflectsthedynamicsof thesystem,sothereis
nosensein which canserveasan“adaptivetopography”.Moreover, thetopology
of chaoticattractorsrulesout the useof any othercontinuousfunction asa general
Lyapunov functionfor thesystem.

In summary, theseresultsdemonstratethatthecomplex dynamicalbehavior reported
for modelsof populationdensityregulationcanalsobe found in a simplemodelof
purefrequency-dependentselection. They aremost likely to be found in ecological
situationsin whichcertainphenotypescannegatively affectthefitnessesof all genotypes
in thepopulation.Complex dynamicalbehavior hasbeenfoundfor morecomplicated
populationgeneticmodels(e.g. Hastings,1981; May andAnderson,1983),but the
goalherehasbeento show thatit canoccurin thesimplestaswell, for conditionsthat
havea feasibleecologicalinterpretation.
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