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Abstiact.—The simplestdiploid modelof frequeng-dependenselectioncangen-
erateperiodicand chaotictrajectoriesfor the allele frequeng. The modelis of
arandomlymating,infinite diploid populationwith non-orerlappinggenerations,
sagregating for two allelesunderfrequeng-dependentiability selection. The
fitnesseof eachof the threegenotypess a linear function of the frequencieof
the threegenotypes. The region in the spaceof the coeficientsthat yields cy-
clesandchaosis exploredanalyticallyand numerically The modelfollows the
period-doublingouteto chaosasseenwith logistic growth models,but includes
additionalphenomenauchasthe simultaneoustability of cycling andchaos.The
generakonditionfor cycling or chaosis thatthe heterozygoteleleteriouslyeffect
all genotypesThekindsof ecologicalinteractionghatcouldgive riseto thesefit-
nesgegimesproducingeycling andchaosncludecannibalismpredatorttraction,
habitatdegradationanddiseasdransmission.

The possibilitiesfor complex dynamicalbehavior from eventhe simplestmodels
of populationgrowth regulation (May, 1974, 1976) have led to the examinationof
conditionsthat producecycling and chaosin a wide variety of modelsin population
biology. Most studiesof chaosin populationdynamicshave focusedon the dynamics
of populationsize. Modelsin which cycling or chaoss producedby naturalselection
actingon geneticvariationhave recevedlessattention.

Asmusser(1979,1983)andFelsensteirf1979) have examineddensity-dependent
selectionin populationsexhibiting chaos,but in their models,the chaoticbehavior
resultsnot from the presenceof geneticvariability, but from the form of density
regulationthatis acting. May (1979,1983)examineda symmetric two allelemodelof
frequeng-dependenselectionn whichtheheterozygotditnessis thegeometrianean
of thehomozygotditnesseshe shovedthatwhenthe homozygotes fitnessdecreases
monotonicallywith its frequeng, therecould be at mosta 2-pointlimit cycle, but no
chaoticdynamics.

Thefew modelsof frequeng-dependenselectionthathave beenfoundto produce
chaoseitherinvolve fithnesseghatare comple functionsof the genotyperequencies,
with steeppeakr non-analytigoints,or posthocchoicesof fitnessfunctionsin order
to producechaos. The latter includesthe modelof Cressmar(1988a),in which the
guadraticlogistic curve is simply graftedinto the recursion,and the model of May
(1979,1983)wherethe fitnessfunctionsare solved to producea systemequialentto

1Keywords:frequency-dependeaelectionlimit cycleschaosgcannibalism
Am. Nat. 1991.Vol. 138,pp. 51-68.
(© 1991by The Universityof Chicago.0003-0147/91/3801-0004$02.08ll rightsreserved.



2 LEE ALTENBERG

the “canonicalcubic” recursion: y,+1 = ry? + (1 — r)y:, Which canproducecyclic
andchaoticdynamics.The solutionfitnessfunctionsare

WAA = (1 =+ 271Taa — TJ?,AQ/(]. =+ 27‘1‘,444 — TJTAQ)
wa, = 1, and
Wqgq = l/wAA

(wherez 4 4 is thefrequeny of genotypeAA, andso forth), andthey do not suggest
ary obviousbiologicalderivationfor their form.

May andAnderson(1983)examinedanepidemiologicaimodelin whichfrequeng-
dependenselectionis generatedby pathogenghatarespecificfor hostgenotype.In
thistwo-allelemodel,infectioncauseshefitnessof eachgenotypedo dropprecipitously
with increasingrequeng, andthis drop-of maybe severeenoughto producecycling
or chaos.May (1979,1983)examinedrequeng-dependengelectiormodelsin which
theheterozygothasafitnessequalto the geometrianeanof thetwo homozygoteand
the homozygotditnesseslecreasenonotonicallywith their frequeng. Thesemodels
exhibitedstablepolymorphismandtwo-pointlimit cycles,but nohigherperiodcycles
or chaos.

Thesestudieamaygivetheimpressiorthatcomple, non-lineaffitnessfunctionsare
necessaryo producecyclic or chaoticdynamicsfrom frequeng-dependenselection.
Butthegenerahjuestiorhasremainedargely unexamined.Much of theclassicalvork
on frequeng-dependenselectionwas donebeforeit was appreciatedhat nonlinear
differenceequationscould give rise to chaoticdynamics andthereforefocusedon the
characterizatiorof stableequilibria (Wright, 1955; Li, 1955; Clarke and O’'Donald,
1964;Cockerham.et al., 1972),which hasalsobeenthe similar focusof morerecent
work (Slatkin,1979;Curtsinger1984a,bl essard;1984;Cressman]1988b).

In this paperl re-examinethe frequeng-dependenselectiormodelof Cockerham
etal. (1972),in which the fithessesarelinearfunctionsof the genotypefrequencies,
for the possibilitiesfor cycling and chaos. Their model displaysthe simplestform
of frequeng-dependergelectiorarisingfrom interactiondetweerdiploid organisms.
Conditionsarefoundfor the linear coeficientsthat producestablelimit cyclesof ary
periodandalsochaos.The generalquality of theseconditionsis thatthe heterozygote
hasa stronglydeleteriousffectonthefitnessesf all genotypesandthathomozygotes
have a milder deleteriouseffect on their own fitnessesThe stronglydeleteriouseffect
is thesortof resultthatcouldcomeout of ecologicaimechanismsuchascannibalism,
predatomattraction habitatdegradationanddiseasdéransmission.

Thefrequeng-dependenselectionexaminedhereproduceghe additionalfeature,
describedby May (1979)for cubic differenceequationsthat is not possiblefor the
guadratidogisticalgrowth models:theremaybetwo simultaneousligtabldimit cycles
or chaoticattractors.Furthermorejt is possibleto have the simultaneoustability of
bothcycling andchaos.

It was early recognizedhat mary of the behaviors of one-locus,constantselec-
tion modelswould not necessarilyhold for frequeng-dependenselection. These
include“Fisher’s Fundamental heorem”that the meanfitnessincreasesn time, and
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the requirementof overdominancen orderto have protectedpolymorphisms. For
frequeng-dependenselectionon two alleles,Wright (1955)andLi (1955)found an
“adaptivetopography’functionwhichdoesincreasen time,andis maximizedatpoly-
morphicequilibriawhenthey arestable.However, we will seethatthis “evolutionary
landscape’(Michod and Abugov, 1980; Curtsinger 1984a,b)is no predictorof the
cyclic andchaoticbehavior reportechere.

THE MODEL

We consideran infinite, randomlymating populationof diploid organismswith non-

overlapping generations segregating for two alleles, A and «, at a single locus.

Frequeng-dependat viability selectionactson the population. Let p designatehe

frequeng of A4, andq designatéhefrequeny of «, andax 4 4 , x 44 , andz,, designate
the frequencieof genotypesd A, Aa, andaa. Let waa , waq , andw ., designate
thefitnesse®f thethreegenotypesi A, A« andaa. Thefitnessesredefinedaslinear

functionsof the genotypdrequenciesasfollows (Cockerham.etal., 1972):

Waa = 1844 + 01244 + 1T oq, (1)
Wpq = G744+ bZIAa + 2T 44, (2)
Weq = 0G3Tpa+ b3IAa + C3T g (3)

After onegenerationthe genotypdrequencieamongzygotesarein Hardy-Weinbeg
proportions;z a4 = p?, r4qa = 2pq, Taa = g2, andtherecursionon the frequengy of
allele A hasthewell known form:
p = pwa/w, 4)
wherew, = pw 44 + qu 4, is the mamginal fitnessof allele A and@ = p2w 4 4 +
2pqw 44 + ¢%w 4, is themearfitnessof thepopulation.Using(1a,b,c) themeanfitness
evaluatedo
w = p*ar— 2ap + a3 — 2by +4by — 2b3+ ¢1 — 22+ c3)
p3(2az — 2az + 2by — 8bp + 6bg — 2¢1 + 6cp — 4cg)
p?(ag + 4bp — 6bz 4 ¢1 — 6cp + 6¢3) 4 p(2b3 + 20 — 4es) + 3.
Thebehaior of equation(4) with frequeng-independengenotypiditnessess well
known. | retracetheanalysisof Lewontin (1958)for the caseof frequeng-dependent
selection. The behaior canbe characterizedy the fixed pointsp’ = p andtheir
stability properties.Thefixed pointsof equation(4) mustsatisfy
Np=0 5)
where

Dp = p'—p=plws—w)/w=pg(ws —wa)/w
= pqlpwaa + (¢ — p)waa — Qaa]/w, (6)
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With wq = pwaa + quwaq. Thisoccursforp = 0, p = 1, andfor p suchthatw = wq,
andthisyp satisfies

ﬁ = (U/'Aa — Waa )/ (Z'UJAa —wAaA— waa)- (7)

Sincew, andw, arecubicin p, therearepotentially 3 fixed points(eq. [7]) onthe
openinterval (0, 1) (Cockerhametal., 1972).

The stability of fixed points of equation(4) is determinedby the valuesof the
differentialdAp/dp at eachfixed point (Lewontin, 1958):

. dly N . .
if dd—pp > 0, thenpis monotonicallyrepelling; (8)
P
. dAp o . .
if —1< T, < 0, thenp is monotonicallyattracting; (9)
Plp
. dN\p .. . . . I
if —2< T < =1, thenp is attractingwith decayingoscillation (20)
Py
aboutit;
.. dQp . . . . . .
if - < =2, thenp is repellingwith geometricallyincreasing (11)
Py
oscillationsaboutit;
. dA .
if % = 0or2(nongenericases)then %23 _mustbe (12)
P 15 p
examinedto determinehe stability, but [p — p| changest
mostatanalgebraicatenearp;
. dA S . I
if d_p = —1, thenp approacheg rapidly with thepossibilityof (13)
P15

p
decayingoscillations.

Letting p(#) be the allele frequengy after ¢ generationsa geometricrate of change
meansthat |p(t) — p|/|p(0) — p| = X!, for p(0) nearenoughto p , wherex > 0,
andA # 1. An algebraicrate of changemeansthat for p(0) nearenoughto p,
Ip(t) — p|/|Ip(0) —p| = 1+ tA, whereA = 0.

We canensurghatastabldimit cycle or chaotichehavior existsby choosinditness
parameterthatyield fixedpointswhichareall unstabletheirstabilityconditionsalling
underequationg8) or (12) (this possibilitywasruled out by Lewontin (1958),dueto
an error in assuminghat equation(12) was inconsistentwith equation(4)). Under
genericconditions(excluding dAp/dpLa = 0), the signsof dAp/dp|i) mustalternate
for successiefixedpointsp. Thusstablecycling or chaoss guaranteefbr aprotected
polymorphismin which condition(8) holdsfor p = 0 andp = 1, andwherethereis
oneinternalfixed point 3, for which condition(12) holds. This situationis illustrated
in figure 1. It shouldbe notedthat, were therethreeinternalfixed points (which is
the otherpossiblegenericcasefor a protectedpolymorphismput doesnot arisein the
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Figure1: Conditionsfor cycling or chaosin thecaseof oneinternalfixed point. Thesegraphs
arefor the symmetricmodelin which wmin = 0 andax = 1/9, the valueat which cycling first
appears.(a) Ap = p’ — p is plottedagainstp. (b) p’ is plottedagainstp, which is the more
familiar formatusedto represensuchrecursve mappinggMay, 1976).

casexonsideredbelon), theouterpairwould haveto satisfyequation(12)to guarantee
cycling or chaos.

Theseconditionsfor cycling or chaosreadily reduceto the following inequalities
onthefitnesscoeficients,by chainrule differentiationof equation(6):

dlDp _ Wa—wa _ C2—c3 S0 (14)
dp | w c3 '

dip Wqg — WA a2 —al

dp |, w al (15)
di ) o

L = pilia - b/

d[) ]3

= plwas— 2waq +Waa + D Wz (¢—Dp) Waa +§ ’Lto’aa]/ﬁ

= PH{P[Bar — daz +az + 2(by — ba)] (16)
+2pqlaz — az|2(by — 2b2 +b3) + 2 — c1]
+3%[3cz — dez+ 1 + 2(bp — b3)] }Jw < —2

Thetermsuf:i standfor dw; /dp. | now solve for fitnesscoeficientsthat satisfythese
conditions.



6 LEE ALTENBERG

RESULTS

The completeanalysisrequiressearchinghe nine dimensionalparametespacepro-
ducedby theninecoeficientsa;, b;, ¢; in equationg1), (2), and(3) to find thatregion
in which cycling or chaosoccurs. To simplify the problem,the dimensionalityof the
parametespacecanbe reducedby makingseveralassumptions. examinethe case
wherethe heterozygotditnessequalsthe meanof thetwo homozygotditnessesthus,

ap = ((ll + aa)/z, Cp = (C‘l + (',3)/2, andb, = (bl + bg)/z. (17)
This simplifiescondition(17) to:

dN U oA -
d—]f = plplas— ag) + (p— Q) (bs = by) + ez —c1) < —2. (18)
P

SYMMETRIC CASE:

A furtherassumptionthatproducesreadyresultis thatthefitnessedesymmetriowith
respecto theallelelabels,sothat

c3 = ai, az =ci, andb, = ba. (19)

Thenthefitnessregimeis thendeterminedy thevaluesay, b1 , andey . Thisregime
yieldsafixedpointp = 1/2 and:

dlAp c1— a1
— = — 20
dp 0 2&1 ( )
dAp| _ a-a (21)
dp ’1 2a1
dQp a1 —c1 a1 —c1
L — = . 22
dp ! 4w a1+ 2by+ c1 (22)

To satisfyequationg14) and(15) requiresthatc; > a1. Satisfyingequationg14)
and(15) alsoensureshatp = 1/2 is theonly internalfixed point. To satisfyequation
(18) requireghat

b1 < (Bur + c1)/4 (23)

Alternatively, we canspecifythefitnessregimein termsof a4, ¢; andwmin, theminimal
fitnessattainedoy thehomozygotesn0 < p < 1. Sinceequation23) ensureshatthe
fitnessfunctionsw 4 4, w4, andw,, arecorvex, this entailsthat

by = wmin — [(a1 — wmin) (1 — Wmin), (24)

and
Wmin = (alcl - b%)/ ((11 —2b1 + Cl) (25)
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Figure 2: Theregion of parametespace(a1 vs. b1) in which cycling or chaosoccursin the
symmetricmodelis shovn by hatchedarea. The hatchedandstippledareascomprisethe region
of positive fithesses.

Figure 3: Theregion of parametespace(a; Vs. wmin) in which cycling or chaosoccursin the
symmetricmodelis shavn by hatchedarea.c; = 1, by = wmin — [(a1 — wmin) (c1 — wmin ]2

(solved by differentiatingequation(1)). Thereforethe condition (23) for cycling or
chaoss equivalentto wmin < (c1— a1)(9a1 —c1)/8(5a1+ 3c1). Theconstraintse 4 4,
W44, WeO all be greaterthatO impliesthata; > 0, ¢; > 0, andby > —(ageq)Y2.
Withoutlossof generalitywe cansete; = 1. Theseconstraintarethengivenby the
curvesin figures2 and3.

Theareasnclosedy the curvesarethe feasiblerangedor cycling or chaos.The
fitnessof the homozygotesnustdrop belowv 1/25 for somerangeof p in order for
cycling or chaogsto occur Figure4 shows plotsof the genotypicfitnesseasfunctions
of p for aregimethatproducesycling andaregimethatproduceshaos.

To investigatethe behavior of the allele frequeny trajectoriedor differentvalues
of a1 andwnin , we cantracethelongtermvaluesof p asafunctionof the parametesy
underdifferentchoicesof wnin . Figure5 shavs suchdiagramsor four differentvalue
of wmin .
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(b)

P

Figure 4: Fitnesscurvesfor the symmetricmodel. The curvesfor wa4 , waq, we. andw
areshawvn. (a) wmin = 0, andas = 1/9, the valuefor the onsetof cycling. (b) wmin = 0, and
a1 = 0.43,approximatelythevaluefor theonsetof chaos.
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Figure5: Bifurcationdiagramsfor the attractorsof p in the symmetricmodel. At eachvalue
of a1, thefigure plotsthe long-termvaluesthatp settlesnto, bethey a singlestableequilibrium
(seenfor small 1), limit cycles(the branchedegions)or the cloud of pointsindicatingchaos.
For eachvalueof a4, startingwith aninitial p, the recursion(4) is iterated200timesto damp
outtransientsandthenit is iteratedanother300timeswith thevaluesof p plotted. (&) wmin = 0
; (b) wmin = 0.005; (C) wmin = 0.01; (d) A 3-D plot of p valuesversusa; and wmin, USING
fewer plottedpointsof p for visibility. For eachgraphthereexistsa mirrorimagediagramabout
p = 1/2 for thesimultaneouslptableseconchttractor

Thesefiguresarethe classical'bifurcation diagrams’thatdemonstratéhe period-
doubling route to chaos(Feigenbaum,1978). Here, the single stableequilibrium
frequeng p bifurcates,asa; is increasedinto a stabletwo-point limit cycle, which
next bifurcatesinto two simultaneoushstabletwo-pointlimit cycles,eachof which
subsequentlpifurcatesnto limit cyclesof 2" points,with n increasingasa; increases,
until ¢y reacheghe “point of accumulation”. Valuesof «; afterthis pointlie in the
“chaoticregion” in which the allele frequenciesanfollow trajectorieshat have ary
possibleperiodor are aperiodic,dependingon a1. As wmiy is increasedthe chaotic
region for the parameter:; liesin anever shorteningntenal until, for wmi, =~ 0.008,
only cyclic behavior is obsened.

The bifurcation behavior departsfrom the behavior of recursionssuchasp’ =
rp(1 — p) which have asinglecritical point (May, 1974)in that,insteadof the period-
doublingatthesecondifurcation theattractoiitself bifurcatesnto two simultaneously
stableattractorsof periodtwo (May, 1979,1983). Thetwo pointsin eachlimit cycle
arenolongersymmetricaboutp = 1/2.

For examplewith a¢; = 0.39andwmin = 0, thetwo limit cyclesconsistof thepairs
of points(0.306,0.590) and(0.410, 0.694). Thevaluesof p thatcorvergeto oneor the
otherlimit cycle make up a domainof attractionfor eachcycle. Figure6 shovs how
theinterval 0 < p < 1is dividedup into the two domainsof attraction. Thedomains
shav acomple interleaving of intenvals; asp approacheseveralcritical points,which
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Figure6: Domainsof attractionfor thetwo 2-pointlimit cycleswhenwmin = 0, a1 = 0.39. The
x-axisgivesthe startingvalueof p. They-axisplotsthevaluesp takeson after 100 generations
have passedby which time it hassettledinto oneof the 2-pointlimit cycles. Thuseachpoint
p(0) mapsto thosetwo pointsthatcompriséits attractor Thediagonalp(t) = p(0) is plottedfor
reference.

includep = 0, 1/2 and1, thereappeato beinfinitely mary switchesbetweerthetwo

domainsof attractionmeaningthatthe slightestchangen theinitial allele frequeng

will resultin a differentfinal limit cycle. May (1979,1983)consideredhe domains
of attractionfor the similar “canonicalcubic” system,but did not note this property

dueto anerroneousissumptiorthateachdomainof attractionconsistedf two simple
intenals.

For wmin = 0, two simultaneouslystableattractorspersistfor the approximate
intenal 0.317 < a3 < 0.4428,whichincludeghe“point of accumulation;'a; ~ 0.430,
for theonsetof chaos.For highervaluesof wnin, therangeof valuesof «; thatproduce
cycling or chaosis reduced,and the allele frequenciesof the attractorsshifts, asis
shavnin figure5.

TWO ASYMMETRIC CASES:

Sincetheassumptiomf exactsymmetryin theabore modelsis biologicallyunrealistic,
it is importantto examinethe behavior of the modelundermore generalconditions.
Keepingasz = ¢1, we canallow ¢ to vary independentlyand definea measureof
asymmetry:a = c3/a;. Conditions(14) and (15) for cycling or chaosrequirethat
¢ > aagande; > a —1, respectrely. Two casewvill beconsideredthefirstin which
bothw; andws attainthesameminimumvalue,wnin , Over p, andthesecondin which
b1 = bs.

Case(a): w1 and w3 attain the sameminimum value over p.

In this case,equationg24) and(25) still hold, andb3 is now definedasbs = wmin —
[(c1 — wmin) (a1 — wmin)]*/2. Thesingleinternalfixed pointis:

b3 — b1+ c1 —aay — [(bg —bl)z + (Cl — aal)(cl — al)]l/z

b= ar(L—a) + 2(bz— by)
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{a) (b} {c)

Figure 7: Bifurcationdiagramsor theattractorsof p in theasymmetricamodel,case(a). For
each,wmn = 0. The measureof asymmetryis o« = c3z/a1. (@) a = 0.9; (b) a = 0.8; (c)

We let ¢; = 1 without loss of generality Condition (18) producesa complex
expressionthat doesnot clarify the condition. The changedn the behavior of the
systemasdepartdrom 1 canbe seenin thebifurcationdiagramsn figure7. As « gets
smaller thereis anincreasan valueof @1 at which the attractorbifurcatesinto two
simultaneouslstableattractorsandthe split movesfrom the secondo later period-
doublings. It is unclearwhetherat somevalue of « thereremainsonly one stable
attractor This canbe seenin figure 8, which is a closeupof figure 7b. It canbe seen
thatoveranintenal of a, therearetwo simultaneouslytableattractorspneof which
is a2-pointlimit cycle while the otheris chaotic. Thus,dependingn theinitial allele
frequeng, thepopulationcaneithersettleinto astablecycle or bechaotic. Thedomains
of attractionfor thesetwo attractorsareshown in figure 9 for the examplea = 0.8,
wmin = 0, anda; = 0.46.

Case(b): by = bs.
In this casethe homozygotditnessesnay attaindifferentminimumvalues:
wimin = (a1c1— b)/(ay — 2b1 + c1),

and
wamin = (avager — b3)/(aay — 2b1 + c1).
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Figure8: Closeupof figure7h. Here,thepointsplottedaretheattractorfor theinitial frequeny
p = 107°. The bifurcation into the two simultaneouslystableattractorsoccursthrougha
“tangentbifurcation” (May andOster 1976)after «; hasincreasegastthe point of the second

period-doubling.
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Figure9: Domainsof attractiorfor thetwo simultaneouslgtableattractorsn theasymmetrical
casejn which oneis a two-pointcycle andthe otherchaotic. The x-axisgivesthestartingvalue
of p. They-axis plotsthe valuesp takeson from generatioril00to generatior200, by which

timeit hassettledinto eitherthe2-pointlimit cycle or thechaoticattractor Eachpointp(0) maps
eitherto the pair of points (0.295,0.577) of the 2-pointcycle, or the two bandsof pointsthat
comprisethe chaoticattractor The diagonal,p(t) = p(0), is plottedfor reference.a = 0.8,

a; = 0.46,andwmin = 0.
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Figure 10: Hatchedareashaws theregion of the parametespace(« vs. a1) in which cycling
or chaoscanoccurfor theasymmetrianodelin whichaa: = e3, ag = 1, andb1 = bs.

We mayleta < 1 withoutlossof generalityandthenwmin < wzmin. Lettinge; = 1,
condition(18) for cycling or chaosreduceso:

b1 < —[14 a1 + aa1(1 — 3a1)]/4[(1— car)(1— (1,1)]1/2.
Thesingleinternalfixedpointis
p={1-aa - [(1-aa)(l - a)"?}/as(1- ).

Becausehe conditionwsmin > 0 entailsby > —[aa]Y/2, the rangeof a thatallows
satishctionof equation(18) s restrictedo

a > {3af — 6a1 +7 —4(1 — a1)[2(1— aq)]*/?}/aa(9a? — 22a1 4 17).

Thisis shavnin figure 10.

Therelationof thesystem$behavior toa is quitecomplex. Thesampleof bifurca-
tiondiagramsn figure11 shav thatchangesn « producdargechangesn thosevalues
of a4 that producecycling or chaos. The systemcan producesimultaneoustability
of cycling andchaos,asin figure 9, for atleastthe case9.98 < o < 1. It canalso
produceintricate superposition®f period-doublingand period-halvingbifurcations,
asis shawn in figure 12. Thesefiguresare showvn only asexemplarsof the kinds of
compl«ity thatemepgefrom asymmetriedn thefitnesscoeficients.

DISCUSSION

The purposeof this paperhasbeento examinethe frequeng-dependenselection
model of Cockerham,et al. (1972)for coeficientsin the linear fithessfunctions
thatproducecycling andchaotictrajectoriesof theallelefrequenciesvertime. | have
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Figure 11: Bifurcation diagramsfor the attractorsof p in the asymmetricamodel, case(b).
For eachwsmin = 0. Themeasuref asymmetryisa = c3/a1. (&) o = 0.97; (b) a = 0.9.

0.513

0.38 p 0.72

Figure 12 Closeupof figure 11h Here, the points plotted are the attractorfor the initial
frequeny p = 10~ 7. Thecomple bifurcationpatternsappeatto involve superpositionsf the
genericperiod-doublingpattern.
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consideredhespedal casewheretheheterozygtefitnesis themean of thehomazygote

fithesses.Undertheseconstraintsthe requirementdor cycling or chaosare 1) that

the heterozygotéave a strongly deleteriouseffect on the fitnesseof all genotypes,
and?2) thateachhomozygotehave a mildly deleteriouseffect onits own fitness. The

latter conditionis the classicalsituationof “apostatic”"frequeng-dependenselection
(Clarke,1969) theresultof heightene@cologicakompeition or othemegaiveimpads

betweengeneticallysimilar conspecifics.The fitnessinteractionscanbe illuminated

by writing thefitnessfunctionsas

w; = 8; — (5,: - ai)T‘/\/\ —(s; — bi)T‘/\u, - (Si - C,:)’l?a,m (26)

wheres; is the “base”fitnessof genotypei. Underthe assumptiongonsiderechere,
s; = 1fori = 1, 2, and3, soantagonistieffectsof eachgenotypeupongenotypei
correspondo a; < 1,b; < 1,0r¢; < 1, andbeneficialeffectscorrespondo a; > 1,
b; > 1,0r¢; > 1. Thus,apostaticselectioramongthe homozygotesequiresa; < 1
andcs < 1. This conditionis whatprotectsthe polymorphism giventheassumptions
in thesymmetricandasymmetriccasesFiguress, 7 and11 shaw thatcycling or chaos
do not occurwhena; (andhencecs) is too low. In the symmetriccase,cycling and
chaosoccuronly for 1/9 < ag < 1.

Theconditionsfor cycling andchaosherearesimilarto thosein May andAnderson
(1983)in thatthefitnesseof eachgenotypedropto very low valuesfor intermediate
valuesof theallelefrequenciesCycling or chaosoccursbecauseatfrequenciesvhere
the deleteriousheterozygotdasreducedall fitnessego very low levels, the apostatic
selective advantageo the homozygote®f beingrareis greatlymagnified,producing
anovershootin the responsef the populationto displacementrom the equilibrium.
This associatiorof very low fithesseswith cycling and chaosstandsin contrastto
the behavior of density-rgulationmodels,in which high fecunditiesare requiredto
producecycling or chaos. Thus,the biological situationsin which cycling andchaos
would arisecanbe expectedo bevery differentin thetwo cases.

Thenecessityhattheheterozygot@roduceanegative effecton others’fithessesn
orderto have chaosderivedunderthe specialassumptionsonsideredhere,is likely to
bea robustconditionof chaosfor linearfitnessfunctions. Thisis the generakouteby
whichthevery low fithessest intermediatellele frequenciesanbe producedvhen
thefitnessinteractioncoeficientsbetweergenotypesrefixedasthey arehere.

Interpretatiorof thefithessregimes.For field biologistswishingto discernwhether
fluctuationsin populationsizesor genefrequenciesare cyclic, chaotic, externally
driven, or stochastica variety of statisticalapproachesave beenexplored. These
include estimatesof the attractordimensionfor the system,non-linearforecasting
(SugiharaeandMay, 1990),andestimate®f Lyapunw exponents.Ellner (1991)gives
acritical review of thesetechniquesandEllneretal. (1991)andNychkaetal. (1991)
have developedmethodsf estimating.yapuna exponentghatovercomesomeof the
problemsof othermethodsandoffer several advantages.All methodsinvolve trade-
offs betweersamplesizes statisticalpower, andcomputationaintensity andstill pose
substantiapracticalproblemsfor field studies.
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In the casef chaosandcycling studiedhere,interpretatiorof thefithessregimes
canat leastpoint to situationsmore likely to producechaosor cycling. Biological
conditionsthat would give rise to the strongly deleteriouseffect of the heterozygote
thatis requiredfor cycling andchaoswould involve, first, a very antagonistionodeof
ecologicalinteractionwithin the speciesandseconda strongoverdominancéor this
modeof interaction.

Thereare several ecologicalphenomendn which a phenotypecould have a dra-
matically deleteriouseffect on the fitnessof all genotypes. One of thesecould be
cannibalism. Cannibalismis obsered amonga wide enoughrangeof taxa (having
beenreportedin protozoa,planaria,rotifers, snails,copepodscentipedesmites, in-
sects,fish, anuranspirds, and mammals(Fox, 1975))to make it of interestin this
contt. Geneticvariability for cannibalismhasbeendocumentedn flour beetles,
flatworms,rotifers,spadefootoads poeciliid fishes(Fox, 1975)andthemothHeliothis
virescengGould,1986).

Usingthealternatve expressiorfor thefitnessfunctions(26),theinterpretatiorof b
asameasureftheheterozygotescannibalisnwouldmearthat,for thesymmetriccase,
eachheterozygotevoulddevour 1—b; otherindividualsonaveragebeforereprodudion.
So, for example,whena; = 0.5, ¢; = 1, aheterozygot@henotypdor consumingan
averageof 1.7 otherindividuals(b1 = 0.7) would producechaoticdynamics.

The geneticsof cannibalismin the flour beetle(genusTribolium) hasbeenthe
subjectof severalstudies. A numberof the featureghat producechaosin the model
studiedherearefound in the study of cannibalismby Stevens(1989): first, thereis
geneticvariationproducinglarge differencesn the levels of cannibalism;secondas
ananalogto thevariationin the meanfithesseslescribechere,Stevensfoundten-fold
differencesin the equilibrium populationsizesof the differentstrainsof Tribolium,
which correlatedinverselywith the amountof cannibalism. In fact, if cannibalism
is sufficiently great,it canleadto populationextinction (Park et al., 1964). Third,
asin the currentmodel, the selectve advantageaccruingto cannibalisticbehavior
wasslight or noneistent(Stevens,1989). However, Stevenssresultsdepartfrom the
model considerecherein several ways: first, the geneticvariation for cannibalism
was found to be polygenic; second,thereis only small dominancedeviance from
additive effects, ratherthan the strong overdominancenvestigatedhere; and third,
the populationsdescribedby Sterenshave interactionbetweenseveral overlapping
demographistageswhile themodelhereis of strictly non-overlapping singlecohort
generations. Therefore,asis usually the casefor simple models,thereis no ready
biologicalsituationdocumentedor which this modeldirectly applies.

Several other ecologicalinteractionscan be consideredas interpretationsof the
fitnesseffects describedhere. The strongly antagonisticeffect requiredof the het-
erozygotecould be producedby predatorattraction,habitatdegradation,or disease
transmission. Predatorattractionhas beenstudiedas a likely causeof frequengy-
dependenselectionand foundto have diversemodesof actionin this regard (Allen,
1988). In the modelsexaminedhere,the cyclic or chaoticregimescould resultfrom
the productionof a non-crypticheterozygotg@henotypdrom two cryptichomozygote
phenotypesTheconditionthatall genotypebenegatively affectedby theheterozygote
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requiresa situationin which predatorspnceattractedo a groupof the organismsare
ableto prey on themequally Alternatively, for a populationin which the frequeny
of palatableversusunpalatablendividualsdeterminesherateof predationon theen-
tire population,a palatableheterozygoteamongtwo unpalatablehomozygote<ould
producethe conditionsfor cycling describedere.

Habitatdegradationas a form of deleteriougntraspecificinteractioncould result
from any numberof causes. For organismsthat relied on hostsfor somepart of
their lifecycle, a heterozygoteahat causeddiseaseor other mortality or unsuitability
in the host could give rise to the fithessregimesthat producecycling and chaos.
A variety of mechanismsan be describedin which the heterozygotevould cause
increasedliseasemortality for all the genotypesn the population.This mightinclude
a “Typhoid Mary” phenotype,in which a certain percentageof the heterozygotes
werethe sourceof diseasdransmissiorto the entire population. Alternatively, some
behavior or byproductof the heterozygoteould attractdiseaseébearingvectorsto the
populationfor example throughbehavior thatcontaminategopulationwatersupplies,
or secondargompoundshatattractedliseasédearingorganismgo thepopulation.For
thesescenariogo producethe linear form of frequeng-dependene, ary population
dynamicsof the diseaseagentmustbe assumedo be of negligible effect.

The areaof the parametespacethat producescycling or chaosis small, but not
neggligible. Thesmallnes®f theareais duelargely to therequirementhatthefitnesses
be linear functionsof the genotypefrequencieswhich was adoptedto demonstrate
thatcomplex behavior is possiblefor the simplestkind of frequeng-dependene. The
parameteboundanb ac couldbeextendedf we allowedthefitnessesv 4, w44, and
wqq to sSimply betruncatedat O for thosefrequenciestwhich they would be negative
undertheformsin (1a,b,c).Thiswouldincreasehefeasiblespacdor cycling or chaos.
Truncationof the fithessesat O would also be the natural expectationfor situations
in which non-Hardy-V¢inbeg proportionswould make fithessemegative underthe
forms(1a,b,c). The generalrequiremenfor cycling or chaosis thatfitnesse®of each
homozygotedropto very low valuesfor someallelefrequengy, asfigure 3 shows.

Thereis no “adaptive topography”. In consideringhow Fishers “Fundamental
Theorem”would applyto populationssegregatingfor multiple loci, Wright developed
theideaof the “adaptive topography”jn which the spaceof genotypdrequenciesvas
concevedof asa field uponwhich wasdefineda fithessfunction,andthe population
would tend to move to peaksof this fithessfunction (Wright, 1969). Models of
frequeng-dependenselectionpresentedh problemfor this heuristicin that fithess
peaksmightnot coincidewith stableequilibria. Wright (1955)andLi (1955)produced
a “fitnessfunction” for the caseof two alleles,recentlyelaboratediponby Curtsinger
(1984a,bandMichod andAbugov (1980),which preseredthe“adaptivetopography”
property in thatit wasmaximizedat ary stableequilibrium. Thefunctionis the sum
over genotypes of theindefiniteintegrals

y Ow;
f(p)zZ / wi g
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Substitutionfrom equation(6) readilyshowvsthat

=2 &
bgq
For ary stableequilibriumpoint p, p is positive for pp andnegative for pp, therefore
f{p)is maximizedatp by definition. It shouldbenotedthatf(p) hasnoreadybiological
interpretation.

Wright (1969) recognizedthat the existenceof this function was an artifact of
the two-allele model, which madethe gene-frequengc“field” one-dimensional.He
describesaseof frequeng-dependenselectionwith threeallelesthatproducestable
cycling, andhencerule out, in principle,the generalexistenceof a Lyapunw “fithess
function”.

Wright doesnot addresshe possibility of cycling or chaosin the two-allelemodel
which would precludethe maximizationof the “fithessfunction” by the population.
Curtsinger(1984b)exploredthis possibility and producedconditionson polynomial
fithessfunctionsthatare sufficient, by excluding cyclic or chaoticbehavior, to assure
theexistenceof the“adaptive topography’(i.e. aLyapuna function)in thetwo-allele
case. Soin the casesof cycling and chaosdescribedhere, the polynomial fithess
functionsfall outsidetheseconditions.Althoughf () maystill reachalocalmaximum
for fixedpointsp, thispropertynolongerreflectgshedynamicsf thesystemsothereis
nosensen which f(p) cansere asan“adaptvetopography”.Moreover, thetopology
of chaoticattractorsrules out the useof ary other continuousfunction asa general
Lyapunaw functionfor thesystem.

In summarythesaesultsdemongratethatthecomplex dynamicalbehavior repated
for modelsof populationdensityregulation canalso be found in a simple model of
purefrequeng-dependenselection. They aremostlikely to be foundin ecological
situationsn whichcertainphenotygscannegatively affectthefitnesesof all genotypes
in the population.Complex dynamicalbehaiior hasbeenfoundfor morecomplicated
populationgeneticmodels(e.g. Hastings,1981; May and Anderson,1983), but the
goalherehasbheento show thatit canoccurin the simplestaswell, for conditionsthat
have a feasibleecologicalinterpretation.
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