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Abstract.ÐThesimplestdiploid modelof frequency-dependentselectioncangen-
erateperiodicandchaotictrajectoriesfor the allele frequency. The model is of
a randomlymating,in®nitediploid populationwith non-overlappinggenerations,
segregating for two allelesunderfrequency-dependentviability selection. The
®tnessesof eachof the threegenotypesis a linear functionof the frequenciesof
the threegenotypes.The region in the spaceof the coef®cientsthat yields cy-
clesandchaosis exploredanalyticallyandnumerically. The model follows the
period-doublingrouteto chaosasseenwith logistic growth models,but includes
additionalphenomenasuchasthesimultaneousstabilityof cycling andchaos.The
generalconditionfor cycling or chaosis thattheheterozygotedeleteriouslyeffect
all genotypes.Thekindsof ecologicalinteractionsthatcouldgiveriseto these®t-
nessregimesproducingcyclingandchaosincludecannibalism,predatorattraction,
habitatdegradation,anddiseasetransmission.

Thepossibilitiesfor complex dynamicalbehavior from even the simplestmodels
of populationgrowth regulation (May, 1974, 1976) have led to the examinationof
conditionsthat producecycling andchaosin a wide variety of modelsin population
biology. Most studiesof chaosin populationdynamicshave focusedon thedynamics
of populationsize. Modelsin which cycling or chaosis producedby naturalselection
actingongeneticvariationhavereceivedlessattention.

Asmussen(1979,1983)andFelsenstein(1979)have examineddensity-dependent
selectionin populationsexhibiting chaos,but in their models,the chaoticbehavior
resultsnot from the presenceof geneticvariability, but from the form of density
regulationthatis acting.May (1979,1983)examinedasymmetric,two allelemodelof
frequency-dependentselectionin whichtheheterozygote®tnessis thegeometricmean
of thehomozygote®tnesses;heshowedthatwhenthehomozygote's®tnessdecreases
monotonicallywith its frequency, therecouldbeat mosta 2-point limit cycle, but no
chaoticdynamics.

Thefew modelsof frequency-dependentselectionthathavebeenfoundto produce
chaoseitherinvolve ®tnessesthatarecomplex functionsof thegenotypefrequencies,
with steeppeaksor non-analyticpoints,or posthocchoicesof ®tnessfunctionsin order
to producechaos. The latter includesthe modelof Cressman(1988a),in which the
quadraticlogistic curve is simply graftedinto the recursion,and the modelof May
(1979,1983)wherethe®tnessfunctionsaresolvedto producea systemequivalentto
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the ªcanonicalcubicº recursion: 1
3 1 , which canproducecyclic

andchaoticdynamics.Thesolution®tnessfunctionsare

1 2 1 2

1 and

1

(where is the frequency of genotype , andso forth), andthey do not suggest
any obviousbiologicalderivationfor their form.

MayandAnderson(1983)examinedanepidemiologicalmodelin whichfrequency-
dependentselectionis generatedby pathogensthatarespeci®cfor hostgenotype.In
thistwo-allelemodel,infectioncausesthe®tnessof eachgenotypetodropprecipitously
with increasingfrequency, andthis drop-off maybesevereenoughto producecycling
or chaos.May (1979,1983)examinedfrequency-dependentselectionmodelsin which
theheterozygotehasa®tnessequalto thegeometricmeanof thetwo homozygotesand
thehomozygote®tnessesdecreasemonotonicallywith their frequency. Thesemodels
exhibitedstablepolymorphismsandtwo-pointlimit cycles,butnohigher-periodcycles
or chaos.

Thesestudiesmaygivetheimpressionthatcomplex, non-linear®tnessfunctionsare
necessaryto producecyclic or chaoticdynamicsfrom frequency-dependentselection.
But thegeneralquestionhasremainedlargelyunexamined.Muchof theclassicalwork
on frequency-dependent selectionwasdonebeforeit wasappreciatedthat nonlinear
differenceequationscouldgive riseto chaoticdynamics,andthereforefocusedon the
characterizationof stableequilibria (Wright, 1955; Li, 1955; Clarke andO'Donald,
1964;Cockerham,et al., 1972),which hasalsobeenthesimilar focusof morerecent
work (Slatkin,1979;Curtsinger, 1984a,b;Lessard,1984;Cressman,1988b).

In thispaperI re-examinethefrequency-dependentselectionmodelof Cockerham
et al. (1972),in which the ®tnessesarelinear functionsof thegenotypefrequencies,
for the possibilitiesfor cycling and chaos. Their modeldisplaysthe simplestform
of frequency-dependentselectionarisingfrom interactionsbetweendiploid organisms.
Conditionsarefoundfor thelinearcoef®cientsthatproducestablelimit cyclesof any
periodandalsochaos.Thegeneralqualityof theseconditionsis thattheheterozygote
hasastronglydeleteriouseffectonthe®tnessesof all genotypes,andthathomozygotes
havea milder deleteriouseffecton their own ®tnesses.Thestronglydeleteriouseffect
is thesortof resultthatcouldcomeoutof ecologicalmechanismssuchascannibalism,
predatorattraction,habitatdegradation,anddiseasetransmission.

Thefrequency-dependentselectionexaminedhereproducestheadditionalfeature,
describedby May (1979) for cubic differenceequations,that is not possiblefor the
quadraticlogisticalgrowthmodels:theremaybetwo simultaneouslystablelimit cycles
or chaoticattractors.Furthermore,it is possibleto have thesimultaneousstability of
bothcycling andchaos.

It wasearly recognizedthat many of the behaviors of one-locus,constantselec-
tion modelswould not necessarilyhold for frequency-dependentselection. These
includeªFisher's FundamentalTheoremºthat themean®tnessincreasesin time, and
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the requirementof overdominancein order to have protectedpolymorphisms. For
frequency-dependentselectionon two alleles,Wright (1955)andLi (1955)found an
ªadaptivetopographyºfunctionwhichdoesincreasein time,andis maximizedatpoly-
morphicequilibriawhenthey arestable.However, we will seethatthis ªevolutionary
landscapeº(Michod and Abugov, 1980; Curtsinger, 1984a,b)is no predictorof the
cyclic andchaoticbehavior reportedhere.

THE MODEL

We consideran in®nite,randomlymatingpopulationof diploid organismswith non-
overlappinggenerations,segregating for two alleles, and , at a single locus.
Frequency-dependent viability selectionactson the population. Let designatethe
frequency of , and designatethefrequency of , and , , and designate
the frequenciesof genotypes , , and . Let , , and designate
the®tnessesof thethreegenotypes , and . The®tnessesarede®nedaslinear
functionsof thegenotypefrequenciesasfollows (Cockerham,etal., 1972):

1 1 1 (1)

2 2 2 (2)

3 3 3 (3)

After onegeneration,thegenotypefrequenciesamongzygotesarein Hardy-Weinberg
proportions, 2, 2 , 2, andtherecursionon the frequency of
allele hasthewell known form:

(4)

where is the marginal ®tnessof allele and 2

2 2 is themean®tnessof thepopulation.Using(1a,b,c),themean®tness
evaluatesto

4
1 2 2 3 2 1 4 2 2 3 1 2 2 3

3 2 2 2 3 2 1 8 2 6 3 2 1 6 2 4 3
2

3 4 2 6 3 1 6 2 6 3 2 3 2 2 4 3 3

Thebehaviorof equation(4)with frequency-independentgenotypic®tnessesiswell
known. I retracetheanalysisof Lewontin (1958)for thecaseof frequency-dependent
selection. The behavior can be characterizedby the ®xed points and their
stabilityproperties.The®xedpointsof equation(4) mustsatisfy

D 0 (5)

where

D

(6)
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with . Thisoccursfor 0, 1, andfor Ãsuchthat ,
andthis Ãsatis®es

Ã 2 (7)

Since and arecubic in , therearepotentially3 ®xedpoints(eq. [7]) on the
openinterval 0 1 (Cockerham,etal., 1972).

The stability of ®xed points of equation(4) is determinedby the valuesof the
differential D ateach®xedpoint (Lewontin,1958):

if
D

Ã
0 then Ãis monotonicallyrepelling; (8)

if 1
D

Ã
0 then Ãis monotonicallyattracting; (9)

if 2
D

Ã
1 then Ãis attractingwith decayingoscillation (10)

aboutit;

if
D

Ã
2 then Ãis repellingwith geometricallyincreasing (11)

oscillationsaboutit;

if
D

Ã
0 or 2 (nongenericcases),then

2D
2

Ã
mustbe (12)

examinedto determinethestability, but Ã changesat

mostatanalgebraicratenear Ã;

if
D

Ã
1 then approachesÃrapidlywith thepossibilityof (13)

decayingoscillations.

Letting be the allele frequency after generations,a geometricrate of change
meansthat Ã 0 Ã , for 0 nearenoughto Ã, where 0,
and 1. An algebraicrate of changemeansthat for 0 near enoughto Ã,

Ã 0 Ã 1 , where 0.
Wecanensurethatastablelimit cycleor chaoticbehavior existsbychoosing®tness

parametersthatyield®xedpointswhichareall unstable,theirstabilityconditionsfalling
underequations(8) or (12) (this possibilitywasruledout by Lewontin (1958),dueto
an error in assumingthat equation(12) was inconsistentwith equation(4)). Under
genericconditions(excluding D Ã 0), the signsof D Ã mustalternate
for successive®xedpoints Ã. Thusstablecycling or chaosis guaranteedfor aprotected
polymorphismin which condition(8) holdsfor 0 and 1, andwherethereis
oneinternal®xedpoint Ã, for which condition(12) holds. This situationis illustrated
in ®gure1. It shouldbe notedthat, were therethreeinternal®xed points(which is
theotherpossiblegenericcasefor a protectedpolymorphism,but doesnot arisein the
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Figure1: Conditionsfor cycling or chaosin thecaseof oneinternal®xedpoint. Thesegraphs
arefor thesymmetricmodelin which min 0 and 1 1 9, thevalueat which cycling ®rst
appears.(a) D is plottedagainst . (b) is plottedagainst , which is the more
familiar formatusedto representsuchrecursivemappings(May, 1976).

casesconsideredbelow), theouterpairwouldhavetosatisfyequation(12)to guarantee
cycling or chaos.

Theseconditionsfor cycling or chaosreadily reduceto the following inequalities
on the®tnesscoef®cients,by chainruledifferentiationof equation(6):

D

0

2 3

3
0; (14)

D

1

2 1

1
0; (15)

D

Ã
ÃÃ

ÃÃ 2 Ã Ã Ã Ã

ÃÃ Ã2 3 1 4 2 3 2 2 1 (16)

2ÃÃ 2 3 2 1 2 2 3 2 1

Ã2 3 3 4 2 1 2 2 3 2

Theterms standfor . I now solve for ®tnesscoef®cientsthatsatisfythese
conditions.
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RESULTS

The completeanalysisrequiressearchingthe nine dimensionalparameterspacepro-
ducedby theninecoef®cients , , in equations(1), (2), and(3) to ®ndthatregion
in which cycling or chaosoccurs.To simplify theproblem,thedimensionalityof the
parameterspacecanbe reducedby makingseveralassumptions.I examinethe case
wheretheheterozygote®tnessequalsthemeanof thetwo homozygote®tnesses,thus,

2 1 3 2 2 1 3 2 and 2 1 3 2 (17)

Thissimpli®escondition(17) to:

D

Ã
ÃÃÃ 1 3 Ã Ã 3 1 Ã 3 1 2 (18)

SYMMETRIC CASE:

A furtherassumptionthatproducesareadyresultis thatthe®tnessesbesymmetricwith
respectto theallelelabels,sothat

3 1 3 1 and 1 3 (19)

Thenthe®tnessregimeis thendeterminedby thevalues 1, 1 , and 1 . This regime
yieldsa®xedpoint Ã 1 2 and:

D

0

1 1

2 1
(20)

D

1

1 1

2 1
(21)

D
1
2

1 1

4
1 1

1 2 1 1
(22)

To satisfyequations(14) and(15) requiresthat 1 1. Satisfyingequations(14)
and(15) alsoensuresthat Ã 1 2 is theonly internal®xedpoint. To satisfyequation
(18) requiresthat

1 3 1 1 4 (23)

Alternatively, wecanspecifythe®tnessregimein termsof 1, 1 and min, theminimal
®tnessattainedby thehomozygoteson0 1. Sinceequation(23)ensuresthatthe
®tnessfunctions , , and areconvex, thisentailsthat

1 min 1 min 1 min (24)

and
min 1 1

2
1 1 2 1 1 (25)
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Figure 2: The region of parameterspace( 1 vs. 1) in which cycling or chaosoccursin the
symmetricmodelis shown by hatchedarea.Thehatchedandstippledareascomprisetheregion
of positive ®tnesses.

Figure3: Theregion of parameterspace( 1 vs. min) in which cycling or chaosoccursin the
symmetricmodelis shown by hatchedarea. 1 1, 1 min 1 min 1 min

1 2.

(solved by differentiatingequation(1)). Thereforethe condition(23) for cycling or
chaosis equivalentto min 1 1 9 1 1 8 5 1 3 1 . Theconstraints ,

, 0 all be greaterthat 0 implies that 1 0, 1 0, and 1 1 1
1 2.

Without lossof generalitywe canset 1 1. Theseconstraintsarethengivenby the
curvesin ®gures2 and3.

Theareasenclosedby thecurvesarethefeasiblerangesfor cycling or chaos.The
®tnessof the homozygotesmustdrop below 1 25 for somerangeof in order for
cycling or chaosto occur. Figure4 showsplotsof thegenotypic®tnessesasfunctions
of for a regimethatproducescycling andaregimethatproduceschaos.

To investigatethebehavior of theallele frequency trajectoriesfor differentvalues
of 1 and min , wecantracethelongtermvaluesof asafunctionof theparameter 1

underdifferentchoicesof min . Figure5 showssuchdiagramsfor four differentvalue
of min .
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Figure 4: Fitnesscurvesfor the symmetricmodel. The curvesfor , , and
areshown. (a) min 0, and 1 1 9, thevaluefor theonsetof cycling. (b) min 0, and

1 0 43,approximatelythevaluefor theonsetof chaos.
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Figure 5: Bifurcationdiagramsfor theattractorsof in thesymmetricmodel. At eachvalue
of 1, the®gureplotsthelong-termvaluesthat settlesinto, bethey a singlestableequilibrium
(seenfor small 1), limit cycles(thebranchedregions)or thecloudof pointsindicatingchaos.
For eachvalueof 1, startingwith an initial , the recursion(4) is iterated200 timesto damp
out transients,andthenit is iteratedanother300timeswith thevaluesof plotted.(a) min 0
; (b) min 0 005; (c) min 0 01; (d) A 3-D plot of valuesversus 1 and min, using
fewerplottedpointsof for visibility. For eachgraphthereexistsamirror imagediagramabout

1 2 for thesimultaneouslystablesecondattractor.

These®guresaretheclassicalªbifurcationdiagramsºthatdemonstratetheperiod-
doubling route to chaos(Feigenbaum,1978). Here, the single stableequilibrium
frequency Ãbifurcates,as 1 is increased,into a stabletwo-point limit cycle, which
next bifurcatesinto two simultaneouslystabletwo-point limit cycles,eachof which
subsequentlybifurcatesinto limit cyclesof 2 points,with increasingas 1 increases,
until 1 reachesthe ªpoint of accumulationº. Valuesof 1 after this point lie in the
ªchaoticregionº in which the allele frequenciescanfollow trajectoriesthathave any
possibleperiodor areaperiodic,dependingon 1. As min is increased,the chaotic
region for theparameter 1 lies in anever shorteninginterval until, for min 0 008,
only cyclic behavior is observed.

The bifurcation behavior departsfrom the behavior of recursionssuchas
1 which havea singlecritical point (May, 1974)in that,insteadof theperiod-

doublingatthesecondbifurcation,theattractoritselfbifurcatesinto two simultaneously
stableattractorsof periodtwo (May, 1979,1983). Thetwo pointsin eachlimit cycle
areno longersymmetricabout 1 2.

For example,with 1 0 39and min 0, thetwo limit cyclesconsistof thepairs
of points 0 306 0 590 and 0 410 0 694 . Thevaluesof thatconvergeto oneor the
otherlimit cycle make up a domainof attractionfor eachcycle. Figure6 shows how
theinterval 0 1 is dividedup into thetwo domainsof attraction.Thedomains
show acomplex interleaving of intervals;as approachesseveralcritical points,which
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Figure6: Domainsof attractionfor thetwo2-pointlimit cycleswhen min 0, 1 0 39. The
x-axisgivesthestartingvalueof . They-axisplotsthevalues takeson after100generations
have passed,by which time it hassettledinto oneof the2-point limit cycles. Thuseachpoint

0 mapsto thosetwo pointsthatcompriseits attractor. Thediagonal 0 is plottedfor
reference.

include 0, 1 2 and1, thereappearto bein®nitelymany switchesbetweenthetwo
domainsof attraction,meaningthat theslightestchangein theinitial allele frequency
will result in a different®nallimit cycle. May (1979,1983)consideredthe domains
of attractionfor the similar ªcanonicalcubicº system,but did not notethis property,
dueto anerroneousassumptionthateachdomainof attractionconsistedof two simple
intervals.

For min 0, two simultaneouslystableattractorspersistfor the approximate
interval0 317 1 0 4428,whichincludestheªpointof accumulationº, 1 0 430,
for theonsetof chaos.For highervaluesof min, therangeof valuesof 1 thatproduce
cycling or chaosis reduced,and the allele frequenciesof the attractorsshifts, as is
shown in ®gure5.

TWO ASYMMETRIC CASES:

Sincetheassumptionof exactsymmetryin theabovemodelsis biologicallyunrealistic,
it is importantto examinethe behavior of the modelundermoregeneralconditions.
Keeping 3 1, we can allow 3 to vary independently, and de®nea measureof
asymmetry: 3 1. Conditions(14) and(15) for cycling or chaosrequirethat

1 1 and 1 1 , respectively. Two caseswill beconsidered,the®rstin which
both 1 and 3 attainthesameminimumvalue, min , over , andthesecond,in which

1 3.

Case(a): 1 and 3 attain the sameminimum valueover .

In this case,equations(24) and(25) still hold, and 3 is now de®nedas 3 min

1 min 1 min
1 2. Thesingleinternal®xedpoint is:

Ã 3 1 1 1 3 1
2

1 1 1 1
1 2

1 1 2 3 1
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Figure7: Bifurcationdiagramsfor theattractorsof in theasymmetricalmodel,case(a). For
each, min 0. The measureof asymmetryis 3 1. (a) 0 9; (b) 0 8; (c)

0 1.

We let 1 1 without loss of generality. Condition (18) producesa complex
expressionthat doesnot clarify the condition. The changesin the behavior of the
systemasdepartsfrom 1 canbeseenin thebifurcationdiagramsin ®gure7. As gets
smaller, thereis an increasein valueof 1 at which the attractorbifurcatesinto two
simultaneouslystableattractors,andthe split movesfrom the secondto later period-
doublings. It is unclearwhetherat somevalue of thereremainsonly one stable
attractor. This canbeseenin ®gure8, which is a closeupof ®gure7b. It canbeseen
thatoveraninterval of a , therearetwo simultaneouslystableattractors,oneof which
is a 2-pointlimit cyclewhile theotheris chaotic.Thus,dependingon theinitial allele
frequency, thepopulationcaneithersettleintoastablecycleorbechaotic.Thedomains
of attractionfor thesetwo attractorsareshown in ®gure9 for the example 0 8,

min 0, and 1 0 46.

Case(b): 1 3.

In thiscase,thehomozygote®tnessesmayattaindifferentminimumvalues:

1min 1 1
2
1 1 2 1 1

and
3min 1 1

2
1 1 2 1 1


