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Abstiact.DThe simplestdiploid modelof frequeng-dependenselectioncangen-
erateperiodicand chaotictrajectoriesfor the allele frequeng. The modelis of
arandomlymating,in®nitediploid populationwith non-oserlappinggenerations,
sagregating for two allelesunderfrequeng-dependentiability selection. The
®tnessesf eachof the threegenotypess a linear function of the frequencieof
the threegenotypes. The region in the spaceof the coef®cientsthat yields cy-
clesandchaosis exploredanalyticallyand numerically The modelfollows the
period-doublingouteto chaosasseenwith logistic growth models,but includes
additionalphenomenauchasthesimultaneoustability of cycling andchaos.The
generakonditionfor cycling or chaosis thatthe heterozygoteleleteriouslyeffect
all genotypesThekindsof ecologicalinteractionghatcouldgive riseto these®t-
nesgegimesproducingeycling andchaosncludecannibalismpredatomttraction,
habitatdegradationanddiseasdransmission.

The possibilitiesfor complex dynamicalbehavior from eventhe simplestmodels
of populationgrowth regulation (May, 1974, 1976) have led to the examinationof
conditionsthat producecycling and chaosin a wide variety of modelsin population
biology. Most studiesof chaosin populationdynamicshave focusedon the dynamics
of populationsize. Modelsin which cycling or chaoss producedby naturalselection
actingon geneticvariationhave recevedlessattention.

Asmusser(1979,1983)andFelsensteirf1979) have examineddensity-dependent
selectionin populationsexhibiting chaos,but in their models,the chaoticbehavior
resultsnot from the presenceof geneticvariability, but from the form of density
regulationthatis acting. May (1979,1983)examineda symmetric two allelemodelof
frequeng-dependenselectionn whichtheheterozygot®tnesss thegeometrianean
of thehomozygote®tnessed)e shovedthatwhenthe homozygotes ®tnesslecreases
monotonicallywith its frequeng, therecould be at mosta 2-pointlimit cycle, but no
chaoticdynamics.

Thefew modelsof frequeng-dependenselectionthathave beenfoundto produce
chaoseitherinvolve ®tnessethatare complex functionsof the genotyperequencies,
with steeppeakr non-analytigoints,or posthocchoicesof ®tnessunctionsin order
to producechaos. The latter includesthe modelof Cressmar(1988a),in which the
guadraticlogistic curve is simply graftedinto the recursion,and the model of May
(1979,1983)wherethe ®tnesgunctionsaresolvedto producea systemequialentto

1Keywords:frequency-dependeselectionlimit cycleschaoscannibalism
Am. Nat. 1991.Vol. 138,pp. 51+68.
¢ 1991by The Universityof Chicago.0003-0147/91/3801-0004$02.08ll rightsreserved.



2 LEE ALTENBERG

the@canonicalcubic® recursion:  ; 3 , which can producecyclic
andchaoticdynamics.The solution®tnessunctionsare

1 2 1 2
1 and
1
(where is thefrequeng of genotype , andsoforth), andthey do not suggest

ary obviousbiologicalderivationfor their form.

May andAnderson(1983)examinedanepidemiologicaimodelin whichfrequeng-
dependenselectionis generatedby pathogenghatarespeci®dor hostgenotype.In
thistwo-allelemodel,infectioncauseshe®tnessf eachgenotypedo dropprecipitously
with increasingrequeng, andthis drop-of maybe severeenoughto producecycling
or chaos.May (1979,1983)examinedfrequeng-dependenselectiormodelsin which
theheterozygothasa ®tnesequalto the geometrianeanof thetwo homozygoteand
thehomozygote®tnessedecreasenonotonicallywith their frequeng. Thesemodels
exhibitedstablepolymorphismandtwo-pointlimit cycles,but nohigherperiodcycles
or chaos.

Thesestudieamaygivetheimpressiorthatcomple, non-linea®tnesunctionsare
necessaryo producecyclic or chaoticdynamicsfrom frequeng-dependenselection.
Butthegenerahjuestiorhasremainedargely unexamined.Much of theclassicalvork
on frequeng-dependenselectionwas donebeforeit was appreciatedhat nonlinear
differenceequationscould give rise to chaoticdynamics andthereforefocusedon the
characterizatiornf stableequilibria (Wright, 1955; Li, 1955; Clarke and O'Donald,
1964;Cockerham.etal., 1972),which hasalsobeenthe similar focusof morerecent
work (Slatkin,1979;Curtsinger1984a,bl essard;1984;Cressman]1988b).

In this paperl re-examinethe frequeng-dependenselectiormodelof Cockerham
etal. (1972),in which the ®tnessearelinearfunctionsof the genotypefrequencies,
for the possibilitiesfor cycling and chaos. Their model displaysthe simplestform
of frequeng-dependergelectiorarisingfrom interactiondetweerdiploid organisms.
Conditionsarefoundfor the linear coefdcientghat producestablelimit cyclesof ary
periodandalsochaos.The generalquality of theseconditionsis thatthe heterozygote
hasa stronglydeleteriousffectonthe®tnessesf all genotypesandthathomozygotes
have a milder deleteriouseffect on their own ®tnessesThe stronglydeleteriouseffect
is thesortof resultthatcouldcomeout of ecologicaimechanismsuchascannibalism,
predatomattraction habitatdegradationanddiseasdéransmission.

Thefrequeng-dependenselectionexaminedhereproduceghe additionalfeature,
describedby May (1979)for cubic differenceequationsthatis not possiblefor the
guadratidogisticalgrowth models:theremaybetwo simultaneouslgtabldimit cycles
or chaoticattractors.Furthermorejt is possibleto have the simultaneoustability of
bothcycling andchaos.

It was early recognizedhat mary of the behaviors of one-locus,constantselec-
tion modelswould not necessarilyhold for frequeng-dependenselection. These
include®Fisher's Fundamental heorem®hat the mean®tnessncreasesn time, and
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the requirementof overdominancen orderto have protectedpolymorphisms. For
frequeng-dependenselectionon two alleles,Wright (1955)andLi (1955)found an
dadaptivetopographyfunctionwhichdoesincreasen time,andis maximizedat poly-
morphicequilibriawhenthey arestable.However, we will seethatthis2evolutionary
landscape{Michod and Abugov, 1980; Curtsingey 1984a,b)is no predictorof the
cyclic andchaoticbehavior reportechere.

THE MODEL

We consideran in®nite,randomlymating populationof diploid organismswith non-
overlapping generations,segregating for two alleles, and , at a single locus.
Frequeng-dependat viability selectionactson the population. Let designatehe
frequeng of ,and designat¢hefrequeny of , and , ,and  designate
thefrequenciesof genotypes , ,and . Let , , and designate
the®tnessesf thethreegenotypes , and . The®tnessearede®nedslinear
functionsof the genotypdrequenciesasfollows (Cockerham.etal., 1972):

1 1 1 (1)
2 2 2 (2)
3 3 3 (3)
After onegenerationthe genotypdrequencieamongzygotesarein Hardy-Weinbeg

proportions, 2, 2, 2 andtherecursionon the frequeng of
allele hasthewell known form:

- 4)
where is the maginal ®tnesof allele  and— 2
2 2 is themean®tnes®f thepopulation.Using(1a,b,c) themean®tness
evaluatedo
- Y1 22 3 21 4, 23 1 2, 3
82, 23 2, 8, 63 21 6, 43
23 4, 63 1 6, 63 23 22 43 3

Thebehaior of equation(4) with frequeng-independengenotypic®tnesseis well
known. | retracetheanalysisof Lewontin (1958)for the caseof frequeng-dependent

selection. The behaior canbe characterizedy the ®xed points and their
stability properties The ®xed pointsof equation(4) mustsatisfy
D O 5)
where
D _ _

- (6)
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with . Thisoccursfor 0, 1, andfor Asuchthat ,
andthis Asatis®es

A 2 (7)

Since and arecubicin , therearepotentially3 ®xed points(eq. [7]) onthe
openinterval 0 1 (Cockerhametal., 1972).

The stability of ®xed points of equation(4) is determinedby the valuesof the
differential D ateach®»edpoint(Lewontin, 1958):

if D ) 0 then Ais monotonicallyrepelling; (8)
A
if 1 D ) 0 then Ais monotonicallyattracting; (9)
A
if 2 D ) 1 then Ais attractingwith decayingoscillation (10)
aboutit?
if i ) 2 then Ais repellingwith geometricallyincreasing (11)
’ oscillationsaboutit;
if D ) 0 or 2 (nongenericases)then ZDZ Amustbe (12)
’ examinedto determinethe stability; but A changest

mostatanalgebraicatenear A
if — 1 then approachedrapidlywith the possibilityof (13)

decayingoscillations.

Letting be the allele frequeny after generationsa geometricrate of change
meansthat A 0 A , for 0 nearenoughto A, where 0,
and 1 An algebraicrate of changemeansthat for 0 nearenoughto A

A 0o A 1 ,where 0.

We canensurdghatastabldimit cycleor chaotichehavior existsby choosing®tness
parameterthatyield ®edpointswhichareall unstabletheirstabilityconditionsalling
underequationg8) or (12) (this possibilitywasruled out by Lewontin (1958),dueto
an error in assuminghat equation(12) was inconsistentwith equation(4)). Under

genericconditions(excludipg D i 0),thesignsof D AMmustalternate
for successie®»xedpoints A Thusstablecycling or chaoss guaranteefbr aprotected
polymorphismin which condition(8) holdsfor 0 and 1, andwherethereis

oneinternal®xed point A for which condition(12) holds. This situationis illustrated
in ®gurel. It shouldbe notedthat, were therethreeinternal ®xed points (which is
theotherpossiblegenericcasefor a protectedpolymorphismput doesnot arisein the
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Figure1: Conditionsfor cycling or chaosin thecaseof oneinternal®xedpoint. Thesegraphs
arefor the symmetricmodelin which i, Oand ; 1 9,thevalueatwhich cycling ®rst
appears.(a) D is plottedagainst . (b) is plottedagainst , which is the more
familiar formatusedto represensuchrecursve mappinggMay, 1976).

casexonsideredbelon), theouterpairwould haveto satisfyequation(12)to guarantee
cycling or chaos.

Theseconditionsfor cycling or chaosreadily reduceto the following inequalities
onthe®tnessoef®cientsby chainrule differentiationof equation(6):

D _ z_3 o (14)
0 3
D — CHEES (15)
1 1
D o
— AA
A
AR 2 A A A A -
BAR3, 4, 3 2, (16)
ZM 2 32 1 2> 3 2 1
B33 4, 1 2, 3 — 2
Theterms  standfor . | now solve for ®tnessoefdcientshat satisfythese

conditions.



