CHAOS FROM LINEAR FREQUENCY-DEPENDENT SELECTION

LEE ALTENBERG

Department of Zoology, Duke University, Durham, NC 27706

Submitted February 13, 1989; Revised March 9, 1990; Accepted May 20, 1990^1

Abstract.ÐThe simplest diploid model of frequency-dependent selection can generate periodic and chaotic trajectories for the allele frequency. The model is of a randomly mating, inőnite diploid population with non-overlapping generations, segregating for two alleles under frequency-dependent viability selection. The őtnesses of each of the three genotypes is a linear function of the frequencies of the three genotypes. The region in the space of the coefőcients that yields cycles and chaos is explored analytically and numerically. The model follows the period-doubling route to chaos as seen with logistic growth models, but includes additional phenomena such as the simultaneous stability of cycling and chaos. The general condition for cycling or chaos is that the heterozygote deleteriously effect all genotypes. The kinds of ecological interactions that could give rise to these őtness regimes producing cycling and chaos include cannibalism, predator attraction, habitat degradation, and disease transmission.

The possibilities for complex dynamical behavior from even the simplest models of population growth regulation (May, 1974, 1976) have led to the examination of conditions that produce cycling and chaos in a wide variety of models in population biology. Most studies of chaos in population dynamics have focused on the dynamics of population size. Models in which cycling or chaos is produced by natural selection acting on genetic variation have received less attention.

Asmussen (1979, 1983) and Felsenstein (1979) have examined density-dependent selection in populations exhibiting chaos, but in their models, the chaotic behavior results not from the presence of genetic variability, but from the form of density regulation that is acting. May (1979, 1983) examined a symmetric, two allele model of frequency-dependent selection in which the heterozygote őtness is the geometric mean of the homozygote őtnesses; he showed that when the homozygote’s őtness decreases monotonically with its frequency, there could be at most a 2-point limit cycle, but no chaotic dynamics.

The few models of frequency-dependent selection that have been found to produce chaos either involve őtnesses that are complex functions of the genotype frequencies, with steep peaks or non-analytic points, or post hoc choices of őtness functions in order to produce chaos. The latter includes the model of Cressman (1988a), in which the quadratic logistic curve is simply grafted into the recursion, and the model of May (1979, 1983) where the őtness functions are solved to produce a system equivalent to

1Key words: frequency-dependent selection, limit cycles, chaos, cannibalism

Am. Nat. 1991. Vol. 138, pp. 51ś68.

cfl 1991 by The University of Chicago. 0003-0147/91/3801-0004$02.00. All rights reserved.

the łcanonical cubicž recursion: y_t+_1 = ry^3_t + (1 − r)y_t, which can produce cyclic and chaotic dynamics. The solution őtness functions are w_{AA} = (1 + 2rx_{aa} − rx_{Aa}/(1 + 2rx_{AA} − rx_{Aa}) w_{Aa} = 1, and w_{aa} = 1/w_{AA} (where x_{AA} is the frequency of genotype AA, and so forth), and they do not suggest any obvious biological derivation for their form.

May and Anderson (1983) examined an epidemiological model in which frequencydependent selection is generated by pathogens that are speciőc for host genotype. In this two-allele model, infection causes the őtness of each genotype to drop precipitously with increasing frequency, and this drop-off may be severe enough to produce cycling or chaos. May (1979, 1983) examined frequency-dependent selection models in which the heterozygote has a őtness equal to the geometric mean of the two homozygotes and the homozygote őtnesses decrease monotonically with their frequency. These models exhibited stable polymorphisms and two-point limit cycles, but no higher-period cycles or chaos.

These studies may give the impression that complex, non-linear őtness functions are necessary to produce cyclic or chaotic dynamics from frequency-dependent selection. But the general question has remained largely unexamined. Much of the classical work on frequency-dependent selection was done before it was appreciated that nonlinear difference equations could give rise to chaotic dynamics, and therefore focused on the characterization of stable equilibria (Wright, 1955; Li, 1955; Clarke and O’Donald, 1964; Cockerham, et al., 1972), which has also been the similar focus of more recent work (Slatkin, 1979; Curtsinger, 1984a,b; Lessard, 1984; Cressman, 1988b).

In this paper I re-examine the frequency-dependent selection model of Cockerham et al. (1972), in which the őtnesses are linear functions of the genotype frequencies, for the possibilities for cycling and chaos. Their model displays the simplest form of frequency-dependent selection arising from interactions between diploid organisms. Conditions are found for the linear coefőcients that produce stable limit cycles of any period and also chaos. The general quality of these conditions is that the heterozygote has a strongly deleterious effect on the őtnesses of all genotypes, and that homozygotes have a milder deleterious effect on their own őtnesses. The strongly deleterious effect is the sort of result that could come out of ecological mechanisms such as cannibalism, predator attraction, habitat degradation, and disease transmission.

The frequency-dependent selection examined here produces the additional feature, described by May (1979) for cubic difference equations, that is not possible for the quadratic logistical growth models: there may be two simultaneously stable limit cycles or chaotic attractors. Furthermore, it is possible to have the simultaneous stability of both cycling and chaos.

It was early recognized that many of the behaviors of one-locus, constant selection models would not necessarily hold for frequency-dependent selection. These include łFisher’s Fundamental Theoremž that the mean őtness increases in time, and the requirement of overdominance in order to have protected polymorphisms. For frequency-dependent selection on two alleles, Wright (1955) and Li (1955) found an ładaptive topographyž function which does increase in time, and is maximized at polymorphic equilibria when they are stable. However, we will see that this łevolutionary landscapež (Michod and Abugov, 1980; Curtsinger, 1984a,b) is no predictor of the cyclic and chaotic behavior reported here.

THE MODEL

We consider an inőnite, randomly mating population of diploid organisms with nonoverlapping generations, segregating for two alleles, A and a, at a single locus. Frequency-dependent viability selection acts on the population. Let p designate the frequency of A, and q designate the frequency of a, and x_{AA} , x_{Aa} , and x_{aa} designate the frequencies of genotypes AA, Aa, and aa. Let w_{AA} , w_{Aa} , and w_{aa} designate the őtnesses of the three genotypes AA, Aa and aa. The őtnesses are deőned as linear functions of the genotype frequencies as follows (Cockerham, et al., 1972):

w_{AA} = a_1x_{AA} + b_1x_{Aa} + c_1x_{aa}, (1) w_{Aa} = a_2x_{AA} + b_2x_{Aa} + c_2x_{aa}, (2) w_{aa} = a_3x_{AA} + b_3x_{Aa} + c_3x_{aa}. (3)

After one generation, the genotype frequencies among zygotes are in Hardy-Weinberg proportions, x_{AA} = p^2, x_{Aa} = 2pq, x_{aa} = q^2, and the recursion on the frequency of allele A has the well known form: p0 = pw_A/w, (4) where w_A = pw_{AA} + qw_{Aa} is the marginal őtness of allele A and w = p^2w_{AA} + 2pqw_{Aa} + q^2w_{aa} is the mean őtness of the population. Using (1a,b,c), the mean őtness evaluates to

w = p^4(a_1 − 2a_2 + a_3 − 2b_1 + 4b_2 − 2b_3 + c_1 − 2c_2 + c_3) p^3(2a_2 − 2a_3 + 2b_1 − 8b_2 + 6b_3 − 2c_1 + 6c_2 − 4c_3) p^2(a_3 + 4b_2 − 6b_3 + c_1 − 6c_2 + 6c_3) + p(2b_3 + 2c_2 − 4c_3) + c_3.

The behavior of equation (4) with frequency-independent genotypic őtnesses is well known. I retrace the analysis of Lewontin (1958) for the case of frequency-dependent selection. The behavior can be characterized by the őxed points p0 = p and their stability properties. The őxed points of equation (4) must satisfy

Δp = 0 (5)

where Δp = p0 − p = p(w_A − w)/w = pq(w_A − w_a)/w = pq[pw_{AA} + (q − p)w_{Aa} − qw_{aa}]/w, (6)

with w_a = pw_{Aa} + qw_{aa}. This occurs for p = 0, p = 1, and for Ãp such that w_A = w_a, and this Ãp satisőes Ãp = (w_{Aa} − w_{aa})/(2w_{Aa} − w_{AA} − w_{aa}). (7) Since w_A and w_a are cubic in p, there are potentially 3 őxed points (eq. [7]) on the open interval (0, 1) (Cockerham, et al., 1972).

The stability of őxed points of equation (4) is determined by the values of the differential dΔp/dp at each őxed point (Lewontin, 1958): if dΔp dp | | Ãp > 0, then Ãp is monotonically repelling; (8)

if − 1 < dΔp dp | | Ãp < 0, then Ãp is monotonically attracting; (9)

if − 2 < dΔp dp | | Ãp < −1, then Ãp is attracting with decaying oscillation (10)

about it; if dΔp dp | | Ãp < −2, then Ãp is repelling with geometrically increasing (11)

oscillations about it; if dΔp dp | | Ãp = 0 or 2 (nongeneric cases), then^{d2Δp}_{dp2} | |_{Ãp} must be (12)

examined to determine the stability, but |p − Ãp| changes at most at analgebraic rate near Ãp; if dΔp dp | | Ãp = −1, then p approaches Ãp rapidly with the possibility of (13)

decaying oscillations.

Letting p(t) be the allele frequency after t generations, a geometric rate of change means that |p(t) − Ãp|/|p(0) − Ãp| ≈ λ^t, for p(0) near enough to Ãp , where λ > 0, and λ ≠ 1. An algebraic rate of change means that for p(0) near enough to Ãp, |p(t) − Ãp|/|p(0) − Ãp| ≈ 1 + tλ, where λ ≈ 0. We can ensure that a stable limit cycle or chaotic behavior exists by choosing őtness parameters that yield őxed points which are all unstable, their stability conditions falling under equations (8) or (12) (this possibility was ruled out by Lewontin (1958), due to an error in assuming that equation (12) was inconsistent with equation (4)). Under generic conditions (excluding dΔp/dp|_{Ãp} = 0), the signs of dΔp/dp|_{Ãp} must alternate for successive őxed points Ãp. Thus stable cycling or chaos is guaranteed for a protected polymorphism in which condition (8) holds for p = 0 and p = 1, and where there is one internal őxed point Ãp, for which condition (12) holds. This situation is illustrated in őgure 1. It should be noted that, were there three internal őxed points (which is the other possible generic case for a protected polymorphism, but does not arise in the

Figure 1: Conditions for cycling or chaos in the case of one internal őxed point. These graphs are for the symmetric model in which w_{min} = 0 and a_1 = 1/9, the value at which cycling őrst appears. (a) Δp = p0 � p is plotted against p. (b) p0 is plotted against p, which is the more familiar format used to represent such recursive mappings (May, 1976).

cases considered below), the outer pair would have to satisfy equation (12) to guarantee cycling or chaos.

These conditions for cycling or chaos readily reduce to the following inequalities on the őtness coefőcients, by chain rule differentiation of equation (6): dΔp dp | | 0 = w_A − w_a w = c_2 − c_3 c_3

> 0; (14) dΔp dp | | |_1 = w_a − w_A w = a_2 − a_1 a_1

> 0; (15) dΔp dp | | Ãp = Ãp Ãq( ffi w_A − ffi w_a)/w_b = Ãp Ãq[w_{AA} − 2w_{Aa} + w_{aa} + Ãp ffi w_{AA} ( Ãq − Ãp) ffi w_{Aa} + Ãq ffi w_{aa}]/w = Ãp Ãq{ Ãp^2[3a_1 − 4a_2 + a_3 + 2(b_2 − b_1)] (16) +2 Ãp Ãq[a_2 − a_3|2(b_1 − 2b_2 + b_3) + c2 − c_1] + Ãq^2[3c_3 − 4c_2 + c_1 + 2(b_2 − b_3)]}/w < −2.

The terms ffi w_i stand for dw_i/dp. I now solve for őtness coefőcients that satisfy these conditions.

RESULTS

The complete analysis requires searching the nine dimensional parameter space produced by the nine coefőcients a_i, b_i, c_i in equations (1), (2), and (3) to őnd that region in which cycling or chaos occurs. To simplify the problem, the dimensionality of the parameter space can be reduced by making several assumptions. I examine the case where the heterozygote őtness equals the mean of the two homozygote őtnesses, thus,

a_2 = (a_1 + a_3)/2, c_2 = (c_1 + c_3)/2, and b_2 = (b_1 + b_3)/2. (17)

This simpliőes condition (17) to: dΔp dp | | |_{Ãp} = Ãp Ãq[ Ãp(a^1 − a^3) + ( Ãp − Ãq)(b^3 − b^1) + Ãq(c^3 − c^1) < −2. (18)

SYMMETRIC CASE:

A further assumption that produces a ready result is that the őtnesses be symmetric with respect to the allele labels, so that

c_3 = a_1, a_3 = c_1, and b_1 = b_3. (19)

Then the őtness regime is then determined by the values a_1, b_1 , and c_1 . This regime yields a őxed point Ãp = 1/2 and: dΔp dp | | |_0 = c_1 − a_1 2a_1

(20) dΔp dp | | 1 = c_1 − a_1 2a_1

(21) dΔp dp | |_1 2 = a_1 − c_1 4w = a_1 − c_1 a_1 + 2b_1 + c_1

. (22)

To satisfy equations (14) and (15) requires that c_1 > a_1. Satisfying equations (14) and (15) also ensures that Ãp = 1/2 is the only internal őxed point. To satisfy equation (18) requires that b_1 < (3a_1 + c_1)/4. (23) Alternatively, we can specify the őtness regime in terms of a_1, c_1 and w_{min}, the minimal őtness attained by the homozygotes on 0 ≤ p ≤ 1. Since equation (23) ensures that the őtness functions w_{AA}, w_{Aa}, and w_{aa} are convex, this entails that

b_1 = w_{min} − [(a_1 − w_{min})(c_1 − w_{min}), (24) and w_{min} = (a_1c_1 − b^2_1)/(a_1 − 2b_1 + c_1) (25)

Figure 2: The region of parameter space (a1 vs. b1) in which cycling or chaos occurs in the symmetric model is shown by hatched area. The hatched and stippled areas comprise the region of positive őtnesses.

Figure 3: The region of parameter space (a1 vs. wmin) in which cycling or chaos occurs in the symmetric model is shown by hatched area. c1 = 1, b1 = wmin � [(a1 � wmin)(c1 � wmin)]^1/^2.

(solved by differentiating equation (1)). Therefore the condition (23) for cycling or chaos is equivalent to w_{min} < (c_1 − a_1)(9a_1 − c_1)/8(5a_1 + 3c_1). The constraints w_{AA}, w_{Aa}, w_{aa}0 all be greater that 0 implies that a_1 ≥ 0, c_1 ≥ 0, and b_1 ≥ −(a_1c_1)^{1/2}. Without loss of generality we can set c_1 = 1. These constraints are then given by the curves in őgures 2 and 3.

The areas enclosed by the curves are the feasible ranges for cycling or chaos. The őtness of the homozygotes must drop below 1/25 for some range of p in order for cycling or chaos to occur. Figure 4 shows plots of the genotypic őtnesses as functions of p for a regime that produces cycling and a regime that produces chaos.

To investigate the behavior of the allele frequency trajectories for different values of a_1 and w_{min} , we can trace the long term values of p as a function of the parameter a_1 under different choices of w_{min} . Figure 5 shows such diagrams for four different value of w_{min} .

Figure 4: Fitness curves for the symmetric model. The curves for wAA , wAa, waa and w are shown. (a) w_{min} = 0, and a_1 = 1/9, the value for the onset of cycling. (b) w_{min} = 0, and a1 = 0.43, approximately the value for the onset of chaos.

Figure 5: Bifurcation diagrams for the attractors of p in the symmetric model. At each value of a1, the őgure plots the long-term values that p settles into, be they a single stable equilibrium (seen for small a1), limit cycles (the branched regions) or the cloud of points indicating chaos. For each value of a1, starting with an initial p, the recursion (4) is iterated 200 times to damp out transients, and then it is iterated another 300 times with the values of p plotted. (a) wmin = 0 ; (b) wmin = 0.005; (c) wmin = 0.01; (d) A 3-D plot of p values versus a1 and wmin, using fewer plotted points of p for visibility. For each graph there exists a mirror image diagram about p = 1/2 for the simultaneously stable second attractor.

These őgures are the classical łbifurcation diagramsž that demonstrate the perioddoubling route to chaos (Feigenbaum, 1978). Here, the single stable equilibrium frequency Ãp bifurcates, as a_1 is increased, into a stable two-point limit cycle, which next bifurcates into two simultaneously stable two-point limit cycles, each of which subsequently bifurcates into limit cycles of 2^n points, with n increasing as a_1 increases, until a_1 reaches the łpoint of accumulationž. Values of a_1 after this point lie in the łchaotic regionž in which the allele frequencies can follow trajectories that have any possible period or are aperiodic, depending on a_1. As w_{min} is increased, the chaotic region for the parameter a_1 lies in an ever shortening interval until, for w_{min} ≈ 0.008, only cyclic behavior is observed.

The bifurcation behavior departs from the behavior of recursions such as p0 = rp(1 − p) which have a single critical point (May, 1974) in that, instead of the perioddoubling at the second bifurcation, the attractor itself bifurcates into two simultaneously stable attractors of period two (May, 1979, 1983). The two points in each limit cycle are no longer symmetric about p = 1/2.

For example, with a_1 = 0.39 and w_{min} = 0, the two limit cycles consist of the pairs of points (0.306, 0.590) and (0.410, 0.694). The values of p that converge to one or the other limit cycle make up a domain of attraction for each cycle. Figure 6 shows how the interval 0 ≤ p ≤ 1 is divided up into the two domains of attraction. The domains show a complex interleaving of intervals; as p approaches several critical points, which

Figure 6: Domains of attraction for the two 2-point limit cycles when wmin = 0, a1 = 0.39. The x-axis gives the starting value of p. The y-axis plots the values p takes on after 100 generations have passed, by which time it has settled into one of the 2-point limit cycles. Thus each point p(0) maps to those two points that comprise its attractor. The diagonal p(t) = p(0) is plotted for reference.

include p = 0, 1/2 and 1, there appear to be inőnitely many switches between the two domains of attraction, meaning that the slightest change in the initial allele frequency will result in a different őnal limit cycle. May (1979, 1983) considered the domains of attraction for the similar łcanonical cubicž system, but did not note this property, due to an erroneous assumption that each domain of attraction consisted of two simple intervals.

For w_{min} = 0, two simultaneously stable attractors persist for the approximate interval 0.317 ≤ a_1 ≤ 0.4428, which includes the łpoint of accumulationž,a_1 ≈ 0.430, for the onset of chaos. For higher values of w_{min}, the range of values of a_1 that produce cycling or chaos is reduced, and the allele frequencies of the attractors shifts, as is shown in őgure 5.

TWO ASYMMETRIC CASES:

Since the assumption of exact symmetry in the above models is biologically unrealistic, it is important to examine the behavior of the model under more general conditions. Keeping a_3 = c_1, we can allow c_3 to vary independently, and deőne a measure of asymmetry: α = c_3/a_1. Conditions (14) and (15) for cycling or chaos require that c_1 > αa_1 and c_1 > a − 1 , respectively. Two cases will be considered, the őrst in which both w_1 and w_3 attain the same minimum value, w_{min} , over p, and the second, in which b_1 = b_3.

Case (a): w_1 and w_3 attain the same minimum value over p.

In this case, equations (24) and (25) still hold, and b_3 is now deőned as b_3 = w_{min} −

[(c_1 − w_{min})(αa_1 − w_{min})]^{1/2}. The single internal őxed point is:

Ãp = b_3 − b_1 + c_1 − αa_1 − [(b_3 − b_1)^2 + (c_1 − αa_1)(c_1 − a_1)]^{1/2} a_1(1 − α) + 2(b_3 − b_1) .

Figure 7: Bifurcation diagrams for the attractors of p in the asymmetrical model, case (a). For each, w_{min} = 0. The measure of asymmetry is α = c_3/a_1. (a) α = 0.9; (b) α = 0.8; (c) α = 0.1.

We let c_1 = 1 without loss of generality. Condition (18) produces a complex expression that does not clarify the condition. The changes in the behavior of the system as departs from 1 can be seen in the bifurcation diagrams in őgure 7. As α gets smaller, there is an increase in value of a_1 at which the attractor bifurcates into two simultaneously stable attractors, and the split moves from the second to later perioddoublings. It is unclear whether at some value of α there remains only one stable attractor. This can be seen in őgure 8, which is a closeup of őgure 7b. It can be seen that over an interval of a , there are two simultaneously stable attractors, one of which is a 2-point limit cycle while the other is chaotic. Thus, depending on the initial allele frequency, the population can either settle into a stable cycle or be chaotic. The domains of attraction for these two attractors are shown in őgure 9 for the example α = 0.8, w_{min} = 0, and a_1 = 0.46.

Case (b): b_1 = b_3.

In this case, the homozygote őtnesses may attain different minimum values:

w_{1 min} = (a_1c_1 − b^2_1)/(a_1 − 2b_1 + c_1), and w_{3 min} = (αa_1c_1 − b^2_1)/(αa_1 − 2b_1 + c_1).

12 LEE ALTENBERG

Figure 8: Closeup of őgure 7b. Here, the points plotted are the attractor for the initial frequency p = 10�^9. The bifurcation into the two simultaneously stable attractors occurs through a łtangent bifurcationž (May and Oster, 1976) after a1 has increased past the point of the second period-doubling.

Figure 9: Domains of attraction for the two simultaneously stable attractors in the asymmetrical case, in which one is a two-point cycle and the other chaotic. The x-axis gives the starting value of p. The y-axis plots the values p takes on from generation 100 to generation 200, by which time it has settled into either the 2-point limit cycle or the chaotic attractor. Each point p(0) maps either to the pair of points (0.295, 0.577) of the 2-point cycle, or the two bands of points that comprise the chaotic attractor. The diagonal, p(t) = p(0), is plotted for reference. α = 0.8, a1 = 0.46, and wmin = 0.

Figure 10: Hatched area shows the region of the parameter space (α vs. a1) in which cycling or chaos can occur for the asymmetric model in which αa1 = c3, a3 = c1, and b1 = b3.

We may let α < 1 without loss of generality, and then w_{1 min} < w_{3 min}. Letting c_1 = 1, condition (18) for cycling or chaos reduces to:

b_1 < −[1 + a_1 + αa_1(1 − 3a_1)]/4[(1 − αa_1)(1 − a_1)]^{1/2}.

The single internal őxed point is

Ãp = {1 − αa_1 − [(1 − αa_1)(1 − a_1)]^{1/2}}/a_1(1 − α).

Because the condition w_{3 min} > 0 entails b_1 > −[αa_1 ]^{1/2}, the range of α that allows satisfaction of equation (18) is restricted to

α > {3a^2_1 − 6a_1 + 7 − 4(1 − a_1)[2(1 − a_1)]^{1/2}}/a_1(9a^2_1 − 22a_1 + 17).

This is shown in őgure 10.

The relation of the system’s behavior to α is quite complex. The sample of bifurcation diagrams in őgure 11 show that changes in α produce large changes in those values of a_1 that produce cycling or chaos. The system can produce simultaneous stability of cycling and chaos, as in őgure 9, for at least the cases 0.98 < α < 1 . It can also produce intricate superpositions of period-doubling and period-halving bifurcations, as is shown in őgure 12. These őgures are shown only as exemplars of the kinds of complexity that emerge from asymmetries in the őtness coefőcients.

DISCUSSION

The purpose of this paper has been to examine the frequency-dependent selection model of Cockerham, et al. (1972) for coefőcients in the linear őtness functions that produce cycling and chaotic trajectories of the allele frequencies over time. I have

Figure 11: Bifurcation diagrams for the attractors of p in the asymmetrical model, case (b). For each, w3 min = 0. The measure of asymmetry is α = c3/a1. (a) α = 0.97 ; (b) α = 0.9.

Figure 12: Closeup of őgure 11b. Here, the points plotted are the attractor for the initial frequency p = 10�7 . The complex bifurcation patterns appear to involve superpositions of the generic period-doubling pattern.

considered the special case where the heterozygote őtness is the mean of the homozygote őtnesses. Under these constraints, the requirements for cycling or chaos are 1) that the heterozygote have a strongly deleterious effect on the őtnesses of all genotypes, and 2) that each homozygote have a mildly deleterious effect on its own őtness. The latter condition is the classical situation of łapostaticž frequency-dependent selection (Clarke, 1969), the result of heightened ecological competition or other negative impacts between genetically similar conspeciőcs. The őtness interactions can be illuminated by writing the őtness functions as

w_i = s_i − (s_i − a_i)x_{AA} − (s_i − b_i)x_{Aa} − (s_i − c_i)x_{aa}, (26)

where s_i is the łbasež őtness of genotype i. Under the assumptions considered here, s_i = 1 for i = 1, 2, and 3, so antagonistic effects of each genotype upon genotype i correspond to a_i < 1 , b_i < 1 , or c_i < 1 , and beneőcial effects correspond to a_i > 1 , b_i > 1 , or c_i > 1 . Thus, apostatic selection among the homozygotes requires a_1 < 1 and c_3 < 1. This condition is what protects the polymorphism, given the assumptions in the symmetric and asymmetric cases. Figures 5, 7 and 11 show that cycling or chaos do not occur when a_1 (and hence c_3) is too low. In the symmetric case, cycling and chaos occur only for 1/9 < a_1 < 1.

The conditions for cycling and chaos here are similar to those in May and Anderson (1983) in that the őtnesses of each genotype drop to very low values for intermediate values of the allele frequencies. Cycling or chaos occurs because, at frequencies where the deleterious heterozygote has reduced all őtnesses to very low levels, the apostatic selective advantage to the homozygotes of being rare is greatly magniőed, producing an overshoot in the response of the population to displacement from the equilibrium. This association of very low őtnesses with cycling and chaos stands in contrast to the behavior of density-regulation models, in which high fecundities are required to produce cycling or chaos. Thus, the biological situations in which cycling and chaos would arise can be expected to be very different in the two cases.

The necessity that the heterozygote produce a negative effect on others’ őtnesses in order to have chaos, derived under the special assumptions considered here, is likely to be a robust condition of chaos for linear őtness functions. This is the general route by which the very low őtnesses at intermediate allele frequencies can be produced when the őtness interaction coefőcients between genotypes are őxed as they are here.

Interpretation of the őtness regimes. For őeld biologists wishing to discern whether ŕuctuations in population sizes or gene frequencies are cyclic, chaotic, externally driven, or stochastic, a variety of statistical approaches have been explored. These include estimates of the attractor dimension for the system, non-linear forecasting (Sugihara and May, 1990), and estimates of Lyapunov exponents. Ellner (1991) gives a critical review of these techniques, and Ellner et al. (1991) and Nychka et al. (1991) have developed methods of estimating Lyapunov exponents that overcome some of the problems of other methods and offer several advantages. All methods involve tradeoffs between sample sizes, statistical power, and computational intensity, and still pose substantial practical problems for őeld studies.

In the cases of chaos and cycling studied here, interpretation of the őtness regimes can at least point to situations more likely to produce chaos or cycling. Biological conditions that would give rise to the strongly deleterious effect of the heterozygote that is required for cycling and chaos would involve, őrst, a very antagonistic mode of ecological interaction within the species, and second, a strong overdominance for this mode of interaction.

There are several ecological phenomena in which a phenotype could have a dramatically deleterious effect on the őtness of all genotypes. One of these could be cannibalism. Cannibalism is observed among a wide enough range of taxa (having been reported in protozoa, planaria, rotifers, snails, copepods, centipedes, mites, insects, ősh, anurans, birds, and mammals (Fox, 1975)) to make it of interest in this context. Genetic variability for cannibalism has been documented in ŕour beetles, ŕatworms, rotifers, spadefoot toads, poeciliid őshes (Fox, 1975) and the moth Heliothis virescens (Gould, 1986).

Using the alternative expression for the őtness functions (26), the interpretation of b as a measure of the heterozygote’s cannibalism would mean that, for the symmetric case, each heterozygote would devour 1−b_1 other individuals on average before reproduction. So, for example, when a_1 = 0.5, c_1 = 1, a heterozygote phenotype for consuming an average of 1.7 other individuals (b_1 = 0.7) would produce chaotic dynamics.

The genetics of cannibalism in the ŕour beetle (genus Tribolium) has been the subject of several studies. A number of the features that produce chaos in the model studied here are found in the study of cannibalism by Stevens (1989): őrst, there is genetic variation producing large differences in the levels of cannibalism; second, as an analog to the variation in the mean őtnesses described here, Stevens found ten-fold differences in the equilibrium population sizes of the different strains of Tribolium, which correlated inversely with the amount of cannibalism. In fact, if cannibalism is sufőciently great, it can lead to population extinction (Park et al., 1964). Third, as in the current model, the selective advantage accruing to cannibalistic behavior was slight or nonexistent (Stevens, 1989). However, Stevens’s results depart from the model considered here in several ways: őrst, the genetic variation for cannibalism was found to be polygenic; second, there is only small dominance deviance from additive effects, rather than the strong overdominance investigated here; and third, the populations described by Stevens have interaction between several overlapping demographic stages, while the model here is of strictly non-overlapping, single cohort generations. Therefore, as is usually the case for simple models, there is no ready biological situation documented for which this model directly applies.

Several other ecological interactions can be considered as interpretations of the őtness effects described here. The strongly antagonistic effect required of the heterozygote could be produced by predator attraction, habitat degradation, or disease transmission. Predator attraction has been studied as a likely cause of frequencydependent selection and found to have diverse modes of action in this regard (Allen, 1988). In the models examined here, the cyclic or chaotic regimes could result from the production of a non-cryptic heterozygote phenotype from two cryptic homozygote phenotypes. The condition that all genotypes be negatively affected by the heterozygote requires a situation in which predators, once attracted to a group of the organisms, are able to prey on them equally. Alternatively, for a population in which the frequency of palatable versus unpalatable individuals determines the rate of predation on the entire population, a palatable heterozygote among two unpalatable homozygotes could produce the conditions for cycling described here.

Habitat degradation as a form of deleterious intraspeciőc interaction could result from any number of causes. For organisms that relied on hosts for some part of their lifecycle, a heterozygote that caused disease or other mortality or unsuitability in the host could give rise to the őtness regimes that produce cycling and chaos. A variety of mechanisms can be described in which the heterozygote would cause increased disease mortality for all the genotypes in the population. This might include a łTyphoid Maryž phenotype, in which a certain percentage of the heterozygotes were the source of disease transmission to the entire population. Alternatively, some behavior or byproduct of the heterozygote could attract disease bearing vectors to the population, for example, through behavior that contaminated population water supplies, or secondary compounds that attracted disease bearing organisms to the population. For these scenarios to produce the linear form of frequency-dependence, any population dynamics of the disease agent must be assumed to be of negligible effect.

The area of the parameter space that produces cycling or chaos is small, but not negligible. The smallness of the area is due largely to the requirement that the őtnesses be linear functions of the genotype frequencies, which was adopted to demonstrate that complex behavior is possible for the simplest kind of frequency-dependence. The parameter boundary b a c could be extended if we allowed the őtnesses w_{AA}, w_{Aa}, and w_{aa} to simply be truncated at 0 for those frequencies at which they would be negative under the forms in (1a,b,c). This would increase the feasible space for cycling or chaos. Truncation of the őtnesses at 0 would also be the natural expectation for situations in which non-Hardy-Weinberg proportions would make őtnesses negative under the forms (1a,b,c). The general requirement for cycling or chaos is that őtnesses of each homozygote drop to very low values for some allele frequency, as őgure 3 shows.

There is no ładaptive topographyž. In considering how Fisher’s łFundamental Theoremž would apply to populations segregating for multiple loci, Wright developed the idea of the ładaptive topographyž, in which the space of genotype frequencies was conceived of as a őeld upon which was deőned a őtness function, and the population would tend to move to peaks of this őtness function (Wright, 1969). Models of frequency-dependent selection presented a problem for this heuristic in that őtness peaks might not coincide with stable equilibria. Wright (1955) and Li (1955) produced a łőtness functionž for the case of two alleles, recently elaborated upon by Curtsinger (1984a,b) and Michod and Abugov (1980), which preserved the ładaptive topographyž property, in that it was maximized at any stable equilibrium. The function is the sum over genotypes i of the indeőnite integrals

f (p) = ∑ i ∫ w_i ∂x_i ∂p dp.

Substitution from equation (6) readily shows that

f (p) = 2 ∫ Δpw pq dp. For any stable equilibrium point Ãp, p is positive for p Ãp and negative for p Ãp, therefore f (p) is maximized at Ãp by deőnition. It should be noted that f(p) has no ready biological interpretation.

Wright (1969) recognized that the existence of this function was an artifact of the two-allele model, which made the gene-frequency łőeldž one-dimensional. He describes cases of frequency-dependent selection with three alleles that produce stable cycling, and hence rule out, in principle, the general existence of a Lyapunov łőtness functionž.

Wright does not address the possibility of cycling or chaos in the two-allele model which would preclude the maximization of the łőtness functionž by the population. Curtsinger (1984b) explored this possibility, and produced conditions on polynomial őtness functions that are sufőcient, by excluding cyclic or chaotic behavior, to assure the existence of the ładaptive topographyž (i.e. a Lyapunov function) in the two-allele case. So in the cases of cycling and chaos described here, the polynomial őtness functions fall outside these conditions. Although f (p) may still reach a local maximum for őxed points Ãp, this property no longer reŕects the dynamics of the system, so there is no sense in which f (p) can serve as an ładaptive topographyž. Moreover, the topology of chaotic attractors rules out the use of any other continuous function as a general Lyapunov function for the system.

In summary, these results demonstrate that the complex dynamical behavior reported for models of population density regulation can also be found in a simple model of pure frequency-dependent selection. They are most likely to be found in ecological situations in which certain phenotypes can negatively affect the őtnesses of all genotypes in the population. Complex dynamical behavior has been found for more complicated population genetic models (e.g. Hastings, 1981; May and Anderson, 1983), but the goal here has been to show that it can occur in the simplest as well, for conditions that have a feasible ecological interpretation.

ACKNOWLEDGEMENTS

I thank G. J. Thomson for my introduction to population genetics and to the topic of frequency-dependent selection, J. Gleick (1987) for the inspiration to bring this work to press, and M. K. Uyenoyama, J. Antonovics, M. D. Rausher, J. Van Buskirk, and J. Mercer for their helpful comments. The research was supported in part by the University of California Regents Scholarship and research grants GM-07181 and GM-37841 from the National Institutes of Health.

LITERATURE CITED

Allen, J. A. 1988. Frequency-dependent selection by predators. Philosophical Transactions of the Royal Society of London B 319: 485-503.

CHAOS FROM LINEAR FREQUENCY-DEPENDENT SELECTION 19

Asmussen, M. A. 1979. Regular and chaotic cycling in models of ecological genetics. Theoretical Population Biology 16: 172-190.

Asmussen, M. A. 1983. Density dependent selection incorporating intraspeciőc competition. 1. A Haploid Model. Journal of Theoretical Biology 101: 113-127. Clarke, B. 1969. The evidence for apostatic selection. Heredity 24: 347-352. Clarke, B. and P. O’Donald. 1964. Frequency-dependent selection. Heredity 19: 201-206. Cockerham, C. C., P. M. Burrows, S. S. Young, T. Prout. 1972. Frequency-dependent selection in randomly mating populations. American Naturalist 106: 493-515.

Cressman, R. 1988a. Complex dynamical behaviour of frequency-dependent viability selection: an example. Journal of Theoretical Biology 130: 167-173.

Cressman, R. 1988b. Frequency- and density-dependent selection: The two-phenotype model. Theoretical Population Biology 34: 378-398.

Curtsinger, J. W. 1984a. Evolutionary landscapes for complex selection. Evolution 38: 359-367. Curtsinger, J. W. 1984b. Evolutionary principles for polynomial models of frequency-dependent selection. Proceedings of the National Academy of Sciences USA 81: 2840-2842. Ellner, S. 1991. Detecting low-dimensional chaos in population dynamics data: a critical review. In F. Hain and J. Logan, ed. Does Chaos Exist in Ecological Systems?, University Press of Virginia (Charlottesville).

Ellner, S., A. R. Gallant, D. McCaffery, and D. Nychka. 1991. Convergence rates and data requirements for Jacobian-based estimates of Lyapunov exponents from data. Physics Letters A 153: 357ś363.

Feigenbaum, M. 1978. Qualitative universality for a class of nonlinear transformations. Journal of Statistical Physics 21: 25-52.

Felsenstein, J. 1979. r- and K-selection in a completely chaotic population model. American Naturalist 113: 499-510.

Fox, L. R. 1975. Cannibalism in natural populations. Annual Review of Ecology and Systematics 6: 87-106.

Gleick, J. 1987. Chaos: Making a New Science. Penguin Books, NY.

Gould, F. 1986. Genetic constraints on the evolution of cannibalism in Heliothis virescens. Pages 55-62 in M. D. Huettell, ed. Evolutionary Genetics of Invertebrate Behavior. Plenum, NY. Hastings, A. 1981. Stable cycling in discrete-time genetic models. Proceedings of the National Academy of Sciences USA 78: 7224-7225.

Lessard, S. 1984. Evolutionary dynamics in frequency-dependent two-phenotype models. Theoretical Population Biology 25: 210-234.

Lewontin, R. C. 1958. A general method for investigating the equilibrium of gene frequencies in a population. Genetics 43: 419-434.

Li, C. C. 1955. The stability of an equilibrium and the average őtness of a population. American Naturalist 89: 281-295.

May, R. M. 1976. Simple mathematical models with very complicated dynamics. Nature 261: 459-467.

May, R. M. 1979. Bifurcations and dynamic complexity in ecological systems. Annals of the New York Academy of Sciences 316: 517-529.

May, R. M. 1983. Nonlinear problems in ecology and resource management. Pages 513-563 in G. Iooss, R. H. G. Helleman, and R. Stora, ed. Chaotic Behaviour of Deterministic Systems, North-Holland Publishing.

May, R. M. and R. M. Anderson. 1983. Epidemiology and genetics in the coevolution of parasites and hosts. Proceedings of the Royal Society of London B 219: 281-313. May, R. M. and G. F. Oster. 1976. Bifurcations and dynamic complexity in simple ecological models. American Naturalist 110: 573-599.

20 LEE ALTENBERG

Michod, R. E. and R. Abugov. 1980. Adaptive topography in family-structured models of kin selection. Science 210: 667-669.

Nychka, D., D. McCaffrey, S. Ellner, A. R. Gallant. 1991. Estimating Lyapunov exponents of chaotic systems with nonparametric regression. Journal of the American Statistical Association, in press.

Park, T., P. H. Leslie, and D. B. Mertz. 1964. Genetic strains and competition in populations of Tribolium. Physiological Zoology 37: 97-162.

Slatkin, M. 1979. The evolutionary response to frequency-dependent and density-dependent interactions. American Naturalist 114: 384-398.

Stevens, L. 1989. The genetics and evolution of cannibalism in ŕour beetles (genus Tribolium). Evolution 43: 169-179.

Sugihara, G. and R. M. May. 1990. Nonlinear forecasting as a way of distinguishing chaos from measurement error in time series. Nature 344: 734-741.

Wade, M. 1980. An experimental study of kin selection. Evolution 34: 844-855.

Wright, S. 1955. Classiőcation of the factors of evolution. Cold Spring Harbor Symposia in Quantitative Biology 20: 16-24D.

Wright, S. 1969. Pages 120-143 in Evolution and the Genetics of Populations. Volume 2. The Theory of Gene Frequencies. University of Chicago Press.