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T HE EVO LUTION OF HODI FI E R GEN ES

CHAPTER 3

THE EVOLUTION OF TRANSFORMATI ONS

In the previous sections 1 developed ge ne r a l fo r mu lat ions for the

evolu tion of t he frequencies of t ypes 1n a popul at i on undergoing

select ion a nd trans f or mation. In t hi s chapt e r . t he evolution of t he

transfo rmation s t hemselves wi ll be explored . by including in the model s

transmissible variation f or t he trans f or ma t i ons. Actually. this is not

so much an augmenta tion of t he model s 1n the previous chapte r a s a

s t r uc t ur i ng o f the variation be tween different t ypes. We mu st now

define t wo. and so met i mes t hree independent dimensi ons 1n the

s pecification of a n indiv i dual' s t ype : the se lect ion type , t he

t r ansformat i on type. an d the "st ructural " t ype .

The selection t ype determines t he se lect i on tha t acts on the

i ndividua l . The transformat i on t ype de termines t he f requencies of

different select ion t ypes among the of f s pr i ng of t he individual given

i ts own s e lection type (o r of t he mated pa ir, given t heir t wo selection

types) . The ad ditional dimension f or which t r ansmi s s i bl e variation may

exis t is in how t he transfo rmation t ype s may be co- t ransformed or

associat ed with the s e l ecti on t ypes i n the offsp r ing; t his i s what I

ca l l t he individua l' s "struc t ural " type .

The c lass ic modifier model r equires each of thes e t hree k i nds of
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inf ormation. In t he modi fi er model, a new l ocus . the modi fi e r, is ad ded

t o a se t of ot her ge nes under select ion . Different a lleles a t t he
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modifie r locus produce di f feren t paramete rs fo r t he transformation

processes acting on the selected loci . In diploid models , in orde r to

know how the modifier alleles a re ass ociated with t he newly t ransformed

alleles a t the selected loci , we need to know the linkage phase of t he

modifie r alleles I n t he diploid . This 1s its s t ructu ral type .

I wi l l not a t temp t an a nalysis whi ch deals i n comple t e generali ty

with the f orms of the se lect i on , t r ansformation, and s t r uc t ura l type s .

The mode ls I will t r ea t will for the most par t assume that the

transformation t ypes t hemse l ve s are not being trans f orme d, but a re

fai thful ly transmi t t ed . I wil l investigate the e vo lution of

trans f ormat i on types In populations with pure branching des cen t, and in

seve ral model s of populations with pai r-ma ting des cent .

This formulation of types partitions the variation f or fitness and

t ransforma tion into t wo independent pieces of informat i on about t he

organism. Howeve r, i n t he actua l va r iat ion among organisms, t hi s

separat ion ma y be br idged by pleiotropy. Wright (196 4), d i s cus s i ng h i s

cri t icism of Fish e r' s (1928 ) modifi er theory f or the evo l ution o f

dominance, s howed that ve ry small intrins i c fitne ss di f f e r ences between

t he mod i f ie r alleles due t o pleiot ropic effects woul d dominate ove r t he

selection on t he modifier al leles due to the ir e f fec ts on dominance. If

we were t o include pleiot ropic f i tness effects i n the transformat ion

types and p l eiot ropic trans format i on effects i n the selection t ypes we

mi ght obtai n a more r ealistic mode l, bu t it r eturns then t o t he general

fo rm fo r evolut ion under s e l ect ion and trans f ormation discussed in

Chapter 2. Sho r t of t his , I will examine cases whe r e there a re

intrinsic fitness differences between the transformat i on types , where

t hese dif f erences inte r act multi pli cative l y wit h the fi t nesses
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determined by t he selection t ype. Thus some of the questions r egarding

the effec ts of pleiotropy of modifiers can be i nves t igated .

Transformati on t ypes whi ch have no intrinsi c fitne s s effect s will be

called neutral.

1. THE SELECTIVE FORCES ON TRANSFORMATION TYFES

86

Whe n the transformation t ypes are not be ing trans f ormed, they

constitut e a "cons e r ved particle" within the type, whi ch was discussed

1n sect ion 3.(2) of the last chapter. Their growt h rate In the

populat i on will be determined by their marginal fltnes s es re lat i ve t o

t he mean f i tness of the populat i on. In t he cas e where t he

t r ansforma tion t ype Is neutra l. its margi na l fi t ness wi l l s i mpl y be the

a verage of t he f i t nesses of the selected t ypes with which it Is

ass oc i ated.

The se marginal fitnesses would clearly be the same for all of the

trans formati on t ype s if they were r an domly ass ociated with the selecte d

types. In s uch a case, there would be no change in the ove r a l l

frequenci es of the transformat i on t ypes 1n the po pul a t ion. The

essential f ea t ur e of transformation types that a l l ows them t o evolve is

that, through their effect s on transformation, they may be able t o

create a non-random association between themselves and the selected

types. Thos e transformation types which have induced their marginal

fitnes ses t o be greater that the mean f i t ness of the population by

causing themselves t o occur more frequently wi th the fitt er t ype s in the

po pulation , will i nc r eas e in overal l freque ncy. Hitchhiking, t hen, i s
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the essential mechanism by which neutral, perfectly transmitted

transformation types evolve.

For evolution by hitchhiking, the nature of the dynamics is quite

different between populations that are In a transient phase of their

evolution and populations that have reached an equilibrium. In fact,

one might expect that at an equilibrium, because there are no changes In

the frequencies, there could be no hitchhiking effects at all. However,

recall that when transformation Is occurring, there may be difference s

In the marginal fitnesses among the types present, and that this

requires a constant net "flow" by transformation from the fitter types

to the l ess fit. By aleering this - f l ow" , 8 transformation type can

come t o be non-randomly associated with the sele cted types, and may

therefore aqui r e a marginal fitness different from the mean of the

population. We would expect, therefore, that a prerequisite for

evolution to occur among transformation types when the population 1s at

equilibrium is that there be a standing variance in the marginal

fitnesses of the types present, and this will be seen to be true . To be

more precise, in order for a transformation type to have a geometric,

rather than algebraic, asymptotic rate of change in frequency, there

must be a variance in the marginal fitnesses at equilibrium. When we

consider situations where there is transformation acting on the

transformation types, this no longer need be true, as will be seen in

the case of modifiers of segregation distortion.

In the literature, a dichotomy can be drawn between studies of the

evolution modifier genes where the population i s allowed to converge t o

equilibrium, and conversely, where the population is continually placed

back in a transient phase of its evolution by fluctuations in selection,
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sampling error due to finite population size, or the introduction of

novel, fitter types. Examples of modifier models with transient

dynamics include Leigh (1970. 1973), EBhel (1973), Painter (1975),

Strobeck et a1. (1976), Felsensteln and Yokoyama (1976), Charlesworth

(1976), Charlesworth et~. (1977), Gillespie (1981 8,b,c). This thesis

will deal solely with the nature of modifier hitchhiking in populations

near equilibrium.

Any features of the organism which affect the maintenance of

association between the transformation types and the selected types

would be expected to influence the evolutionary dynamics of modifier

hitchhiking. This 1s why the structural type can play an important

role, because it determines the association of transformation and

selected types in the offspring. In modifier gene models, it is the

recombination between the modifier gene and the selected loci that will

play this role. In cultural transmission models, the structural type

has no single embodiment. One would include any covariance in

transmission of different independent traits. Boyd and Richerson

(1985) have modeled an example of this, where several traits may be

simultaneously acquired from individuals chosen as models, hence their

particular association in an individual model will be passed on. We

would expect that the less the associations are maintained, the weaker

the selection on the transformation types will be. This will be seen to

be true where analysis is possible.
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2. THE NATURE OF THE VARIATIONS IN TRANSFORMATIONS

One of the maj or results that will be found is t hat the e volut ion

of t r ans f or mation s depends greatly on how the underlying bi ol ogi cal

processes i nvol ved in t r ans f or mat i on constrain the var i a t i on In t he

transformation probabi l1tiese The var i a t i on in the transformation

processes in nature that have been characterized, such a8 mutation,

recombination, and migration . Is usually conceive d not as adjusting ea ch

transformation probability individually, but rather as changing

parameters in under l ying processes whi ch ge ne ra te the t r ans f or mations.

The va riation ther ef ore has much fewe r degrees of freedom t han the

number of t ypes in the population. I n the ca s es of mutation.

recombination , gene conver s ion or ot he r change s in the genetic material,

it i s changes in the basi c r a t es of the under l yi ng processe s due t o

variation in enzymes , concentrations or other condi t i ons . In processes

such as dispersa l, where location is the t ype, behavioral variables or

morphologi cal dif f e r ences change t he overall mi gr at i on probabili t ies .

UNIFORM VARIATION

The model which is frequently used for va r i a t i on in

transformations, and is fairly well justified when t r ansformations

cons i s t of single e vents , i s t hat t he re lat ive probabili ties of ea ch

transf ormati on event are changed unif ormly by changes i n a parameter of

s ome und erlying pr oces s gene ra t i ng t he t r ans f or mat i ons. By t his I mean

tha t t he matrix of transformation probabi lities contains a t erm mIl '

where all the va r i a t i on occurs in the parameter m, and TI is a fixed

matrix of t he relative transformation probabilitie s . To illustrate, TI
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coul d r epr es ent the probabilities that a gene, gi ve n that it mutates,

changes from one a l l e l ic state t o anot her , while m represents the bas e

line chance that it will mutate.

The proce s s that m and TI represent need not be the only

proce s s i nvolved i n transformation . How this process r elates to an y

ot her transformation proce sses occur ring will af f ect how m and TI

are i ncor porated into the transformation matrix. Several possibilities

are given below:

1) m contr ols t he rate of the only trans f ormation process occurring.

Then

T - (1-m)Ti d + mIl •

2) m contr ols transformations that interact additively wi t h others

that are occurring. Then

T· (l"1l-m)Ti d + aT
Z

+ mIl •

whe r e a T2 represents the other processes.

3) m change s the relative probabilities of different t r ans f ormat i ons ,

but not the overall rate. Then

T - (l"1l )T
i d

+ «[ (l-m)T
Z

+ mT
I
) •

4) m changes the relative probabilities and the overall rate of

trans f ormation . Then

T • (l-m >( (l "1l
Z)T i d

+aIT
Z
) +

with a 1 t- a
Z

and

a( (l"1l
1

)T
i d

+ a I T
I
)

T
I
~ T

2
•
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5) m control s t he r ate of one s tep In a s equen ce of t rans for ma t ions .

Then

9 I

T· ( 0 "1X
1

)Ti d .aTzl ( O ..,. )Ti d • mTll ( (l "1X Z)Ti d .a ZT3l

whe r e t he two out s i de mat rices represent the trans f ormations

occur r ing be fo re and after t he one con t rol l ed by m .

For thi s ca se , If one of the t r ansformations I s from mated pairs t o

individuals, the changes In dimensi on require that the mat ri ces have the

appropriate size.

6) m changes t he r ate of events whi ch can occur independe nt ly multiple

times . The n

T · ( 0 ..,. )1 . mT ll n •

This case 1s not defined fo r trans fo rmations f rom mated pa ir s to

i ndi vidual s , but only fo r trans f ormat i ons within the same phas e of the

life cycl e , whi ch Is why In t his case, Ti d - I •

I will make seve ra l definitions t o characterize the variation 1n

the transformations f or these different c as es .

DEFI NI TI ON 1: Case 1) i s defined a s LI NEAR variation , because the

transformat i on matrices f orm a l i ne that intersects the perfect

transmis sion matri x.

DEFINITION 2: Cas es 2) through 5) are defined a s AFFINE vari ation,

because the trans f ormati on matrice s fo r m a line that doe s not

intersect the perfect transmission matrix.
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DEFINITION 3: LINEAR and AFFINE variation comp r i s e what I s defined a s

UNI FORM variation , that Is, variation where the transformation

mat r ices all lie on a line. In case 6)-, t he t r a ns f ormat i on mat r ice s

do not lie on a line , so i t Is an example of NON-UN IFORM variation.

A gener a l f or m f or uniform variation Is

T • Tid + A + mB ,

T Twhere eA. e B • 0 •- -

92

When A - 0 it Is linear , and when A:# 0 it Is affine, unless

A is proportional t o B, in which case the variation is really l i nea r ,

where the variable parameter n ow 1s defined 8S e > m + y if A - YB ,

giving

T • Tid + mB

Un de r some spec i a l relations between TI • T2 , and Tid' whi ch c a n be

readily derived , cases 2) t hr ough 5) are actually linear variation.

An al ternative fo rm for uniform va r iat ion Is

T - ( 1-m)T
1

+ mI
2

•

where T1 and T2 are transformation mat rices .

For the first for~ m can range from 0 up t o a value that

depends on the scaling of B. whi ch is arbitrary. which keeps T

wi thin the hull of stochastic matrices. a nd in the second form it

(3.2)

depends in de t a i l on the ent ries of t he matrices T1 and T2 ' and may

range below 0 or a bove 1 unde r s ome ci r cums tances; I ment i on thi s

on ly t o avoid confusion l ate r. It wil l be clea r fro m the particular

matrices used what the range of m Is. and it does not enter into any

of t he r esults .
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When the variation In transformations consists of a one parameter

family of transformation matrices as it has been characterized here,

then the phenotype of the transformation type is simply the value of

m that it determines. When the transformation is in a pure branching

phase of 8 life cycle, each transformation type a determines a

93

parameter ma When the transformation Is from mated pairs to

individuals, then a pair of individuals of transformation types 8

and b will determine a parameter ma b •
•

In nearly all of the random mating models of recombination,

mutation, and migration modifiers in the literature, the variation 1n

transformations due to modifier genes Is uniform. An exception 1s the

model of a modifier acting on recombination between multiple loci by

Charlesworth (1976) and Charlesworth and Charlesworth (1979a). In this

case, as the basic recombination rate increases. the relative frequency

of multiple recombinants increases faster than that of single

recombinants. In the presence of complete interference in recombination

between loci. recombination occurs as only a single event for each

individual and the variation becomes uniform.

Examples of affine variation include the model of Feldman et ~.

(1980) where a modifier controls recombination between two selected loci

which are also undergoing mutation, the model of Charlesworth and

Charlesworth (1979b) where a modifier controls recombination in a

population also undergoing migration, and the model of Christiansen and

Feldman (1975) where a modifier controls either r ecombination or

migration in a population undergoing recombination and migration.

In the analyses to follow. these distinctions in the nature of the

variation in transformations will be found to be fundamental in
.. _ .. ~_~ _ _ ...... __ .. _ , .. .. ~ & 60 .... _ .. & .. ~ _
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3. THE EVOLUTION OF TRANSFORMATION TYFES

UNDER PURE BRANCHING DESCENT

The biological si tuat i ons 1n which pure branching de s cent oc curs

94

include both asexual organisms and purely-selflng organi s ms, as shown 1n

Table 2. In purely-selfing diploids, organisms heterozygous at 8

modifier locus will produce homozygou s offspring, whi ch constitutes a

transformation on transformation types, which I am e xcl udi ng from the

pres ent analysis. Henc e , I shall be considering only asexua l organisms

here.

The full type of an asexual organism will be specified by i ts

t ransformat ion t ype a , and it s sele ction t ype, j. No s t ruct ura l t ype

ne ed be s pecified s ince a l l o f a t ype a 's offspri ng will be t ype a

The trans f ormati on probabi l i t i e s will be expre s s e d as

The recursion on the frequencies, zai' o f

T
ara1

types (a1), after a life

cyc l e of selection and transformation i s :

z -a1

w
L z .::.J. T
j aj;; aj +ai ' where ;; - L

at

In vector form this 1s :

where

1-
z' • -= TWz ,

w

'T -
•
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zal

z _ ( za2) , and
-a •

•

This Is, therefore , a special case of the general model of

evolution under selection and transformation (Chapter 2, Section 1.(1»

where the matrix TW Is completely decomposable into diagonal blocks

TaW . The recursion therefore can be s epar a t ed into recursions on the

vector of frequencies for each transformation type a:

- Iz • - T Wz
-e - a -aw

•

( I ) CONVERGENCE BEHAVIOR

From the considerations of Section 2.(2) of Chapter 2, the

conver gence behavior of the population may depend on the initial

frequencies of the types. What is of interest Is the long term

evolution of transformations In the population, 80 I will assume that

each transformation type eventually gets tested In the population In

combination with each of the selected t ypes . This means that eventuall y

the frequency vector of types will contain some compone nt of

eigenvectors or their principal vectors whose eigenvalues are of modulus

equal to the spectral radius of TaW. Assuming that the f i t nes s es and

transformations are frequency independent, the asymptotic marginal

fitness of transformation type a will then be the spectral radius o f

TaW . The population will then fix on the transformation type with the

largest spectral r adius . If several types have the maximal spectral
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radius, then they can be present in a polymorphi s m. This pol ymorphisM

will be neutral, however. That Is, the t o t a l frequency of each

trans f or mat i on t ype I s unconstrained and will not resist perturbation t o

other val ues, regardless of how the fre quencies of s elected types

associated with a given t ransformation t ype converge. The s i t ua t i on

de scribed in Chapter 2, s ec t ion 2. (2 ) 2)8 . applies here.

I . POPULATION LEVEL CONSEQUENCES: MEAN FITNESS AND FITNESS LOAD

Two consequences for the pop ulation can be derived from t hese

r es ults. Once t he popula t i on Is fixed on t he trans f ormat i on t ype s

yielding the maximal s pect r a l radius, it s mean fitness I s simply t his

s pect ra l radius . Therefore, If a new transformation t yp e I s to increas e

when introduced to the population, it must result in an event ua l

increase i n the mean fitness of the population. This i s the Mean

Fitness Principle of Karlin and McGregor (19 74). In t he absence of

frequen cy dependence, t he Mean Fitness Pri nc i pl e theref or e holds in the

case of populations with asexual descent (pointed ou t to me by Ke nt

Holsinger, personal communication) .

An other consequence can be s een to directly follow fr om this .

Because the fitnesses are constant and t he eventual mean fitness

i ncr eases , t he eventual fitness load,

96

- 1 •
w

must decrease after the substitution of any new transformation types .

In case of frequency independence, t hese two consequences

coincide. However, in an example of frequency dependent selection
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discussed lat e r, thes e two wi ll not coinci de, a nd t hi s wi l l be the bas i s

of a new pr incipl e I wi l l con j ectur e about t he evol ution of

trans f ormat ions.

2. DETERMINANTS OF THE SPECTRAL RADIUS

9 7

Of primary i mportance t hen Is the sp ectra l r adius of TaW. I f t he

flt nes s e s o f all t he s electe d types a re equal. the n : W • I , and the
w

spe ct ra l r adii f or a l l transformat i on types a r e equal t o one. Thi s

yields the following result:

RES ULT 3 .1 :

When the re Is no selec tion on s e lec ted t ypes, t he r e can be no

selection on t ransformation t ypes .

The freque ncies o f the t r a nsformation t ypes will r emain a t thei r

inItIal values thoughout. while concur r ent ly the frequencies of the

selected types associated with each transformation type a will

converge t o eq uilibria or cycles i n the spectral radius s pace of Ta •

When the fitnes ses of t he se lected types a re d i f f e r ent , so that

.....!. w.. I , then diffe rent transf ormation matrices wil l yiel d differe n t
w

spectral r adii . It i s not possible t o say in general whi ch of any two

transformation matrices will yield the larger spectral radius. However ,

the f ollowing specific r es ul t s can be shown:

1. The highest spectra l radius occurs f or tran s f ormat i on types yie lding

per f ect transmiss ion , and the s pe ctral r adius is the maximum fi tnes s
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of the s elected t ype s. The ot her trans f ormations which hav e this

maximal spect ra l r adius a re t hose for whi ch no t ypes wi th the maximal

fi t ness are trans f ormed t o an y t ypes wi th lesser fitnes s.

2. For a set of mat r ices Ta that vary linearly away f rom perfect

98

transmission, t he s pect r a l r adius p (T W)
a

1s non-increas in g, and

strictly decreasing 1f Ta 1s irreducible.

Resul t 1. can be seen t o be a cons equence of result 2. , whi ch 1s

Theorem 5. 2 1n Ka r l i n (1982) . The i mplications o f thes e result s f or t he

evolut i on of trans f ormations makes us e xamine the na t ure of var iat i on 1n

t r ansformati ons .

a. LINEAR VARIATION

As described above. 1f what 1s varying 1s the overall r ate of

singl e event trans f ormations 1n the abs en ce o f an y other transformation

processes, then the variation in trans f ormations i s expected t o be

linear . The t ransformation matrice s will be of the form

Ta - (l-ma )I + maTI

Theorem 5.2 of Karlin (1982) s ta t es that

and i f T1 i s irreduci ble, then the t he right hand i nequali t y i s

s t rict . In this case , therefore, evolution toward perfect transmis s i on

is the evolutionary out come .

EFFECT ON THE FITNESS LOAD

An upp er bound on the fitness load i s there f ore. as
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trans f ormation types with suc ceedi ng ly smal ler va l ues of ma s ubs t i t ute

In the populati on , the fitnes s l oad Is f orced t o go t o zero.

b. AFFINE VARIATION

I f the variation Is not l inear, other evolutionary ou t comes a re

pos sible. There is no theorem comparable to Karlin' s f or affine or 0 00-

un i f orm variation, but In one special case the l ocal rate o f cha nge of

the spect ral radius can be calculated. Thi s is f or transformati ons with

memorl1ess di stributi ons, de f i ned a s f ollows :

DEFINITION 4: A transformation with a MEMORILESS DISTRIBUTION is one

whos e trans f ormat i on mat r ix is of the fo rm

where f or pure bran ching descent ,

U

T
I

- diag(t 1)U •

Is a matrix of ones , and I t - 1
i i

Therefore, all types have the same probability o f undergoing a

transformation proce sses in which their f ormer t ype ha s no i nfluence on

the t ype t hey become. 'nils has be en cal l ed "house of cards" mutation by

Kingman (1980).

The general affine form for transformations incorporat ing

memori l ess di st r ibutions is

Ta - (I-m >( (I ~ )I +as) + m(Hl)I +8P)a a

where Sand P are the rank one matrice s

S • diag(si)U, and p . diag (Pl)U •

•
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THEOREM 3.2.:

"Assume that the normalized leading eigenvector v where

100

"" " " "
p~ • TWv • spans the eigenspace for the spectral radius p • r v 1wi

i
and therefore Is an isolated point, and satisfies the requirements for

differentiability with respect to changes 1n T.

"Then the spectral radius p( TaW) for ma near m 1s approximately

1)

" " "
p - p + (m - m)

a " "
1-( I ..", )x ."jl

p •

if for some 1, a 8 1 • BPi ... 0 t

or otherwise,

2)

p .. p + " 1"2 -11
(m ..",)(I - viwi) -2

• i Y i Y

(3.4)

where 6
Y -i

"
~h -

i i

" "

The full derivation of these results 1s given later, under Theorem

3.2b 1n Section 4. (1) on diploid modifiers, where the same forms

appear.
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In 1), evolut i on proceed s 1n the direct i on l owering the overall

rate of t ransfor mat ion (l-m)J + m ~ •
a 8

In 2), thre e t erms contribute t o determining whether the spectral

radius increases or de creases with ma• The first term 1n the brackets

1s the contribution f r om l owering the overall rate of transformation.

1 0 1

This t e rm 1s zero i f and only i f the

p - w V i and
i

f i t ness l oad i s zero,
• Y i
v -- Y i.

i Y

for then

The s econ d two t erms in the bracket s are the contribution from

shifting the transf ormation probabilities toward the more fit types.

This term 1s zero 1f the fitness l oad 1s ze r o or if the variation 1s

linear , requiring a • 0 , B - 0 , or S - P •

Fr om t his one can say t hat t he r e a re two ~forces " act ing on t he

evo lut ion of transformati ons, one t oward more perfec t transmi ssion. and

one t oward producing more of the fitter t ypes. If a i s c l ose t o B

then an increase in the overall transformation can evolve i f it

s uf f i cient l y increa s es the probability of transformations to the fitter

types. whi ch may r esult in the extinction of lesser fit types. When the

fitness l oad is ze ro. then ther e is no more select i ve op por t uni ty f or

the evolution of new transformat i on t ypes . unles s thes e can cause the

creation of novel. fitter t ypes.

(2) "BALANCED MIXTURE" TRANSFORMATION POLYMORPHISMS

In the absence of frequency de penden t s e lecti on o r transformation.

it was seen t hat any polymorphisms in transformat i on t ype s present i n
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t he popul ation will be essentially neu t r al . Wi t h f requency depende nce

however , trans f ormation t ype po l ymorphlsms whi ch a re stabl e to

perturba t i on may be poss ible . I will not consider this question

gener a l ly here , but will examine the ca s e where the fitne ss of e ach

selected t ype increases as the t ype become more rare, which I s the kind

1 02

of frequency dependence o f t en proposed for situations with i nt r as peci f i c

compe ti t ion .

Suppos e t hat the f i t ness of e ach s e l ected t ype s trict ly i ncreases

wi t hout bound, 3 S it de creas e s I n frequency. Then 1n the absence o f

transformation , the r e will be a unique, globally stable polymorphic

equilibrium where all the fltnesses have equillbratedw Call the
•

f requency vect or of t his equilibrium v. Whenever the f r equen cy of the

•
selected hapl otype s equa ls v, t he fit nes s matrix wi l l be

w- w I.

So at equilibrium,

• •
T z - z •a -a -a

Theref ore, all transformation matrices will produce spectral radius

one. However , the eigenve ctors
•
z must s a t i sfy- a

~ ~al - ~i ' where 1Ta j+i ~ aj - zai·

(To avoid the compli cations of possible cycling. I wi l l ass ume that each

transformation matr i x i s primitive . yielding one s t r ict ly positive.

unique ei genvec t or with ei genval ue 1 .)

•
Let U8 rewrite each eigenvector z as-a

•
z - x v(a) •-a a -

•
where xa is the t otal frequency of transformation t ype a and !(a) i s

the frequency of t he selec t ed t ypes among tha t transformat ion type,

simply z no r mal i zed.
-a
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Then the equilibrium requirement is

Thus, v must be a linear combination of the eigenvectors of each

transformation matrix. If there are fewer transformation types than

selected types, it Is not even guaranteed that y will be In the space
• •

spanned by {y(a)} • 11I.ere must be as many different y(a) 88 there are

selected types to guarantee that any v is in the space they span. But

there is a further requirement, that the convex hull of {!(a)} contain

v. This restricts the possible sets of transformation matrices that

can allow this equilibrium to be reached to various "balanced mixtures"

of complementary sets. I will refer to these equilibria where all types

have the same fltnesses as "balanced mixture" polymorphisms. It is

important to note that these generally require that the variation in the

transformations not be linear: when the variation is linear, there is

only one eigenvector for all the transformations. If the set of

transformation types is not sufficient to yield a balanced mixture
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polymorphism, then there will be a variance in fitnesses at equilibrium.

A NUMERICAL EXAMPLE: MIGRATION WITH SOFT SELECTION

I have not analyzed the stability of these "balanced mixture"

polymorphisms in general for this situation. But I have examined

numerically an example of this situation, where there are two demes and

transformation consists of individuals changing demes. Soft selection

resets each deme i to a constant proportion ci of the total

population. The fitness of an individual in deme 1 therefore Is
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Thr ee evo lutionary out comes seem possible :

1) If the resident transformation t ype has a migration matrix whos e

l eading eigenvector 1s not £. - (ei) t then there wil l be a

f itness variance at eq ui librium, and any new trans f ormation t ype

with linearly l ess migration will be able t o i nvade and displa ce

it .

2) In t he same circumstance as 1) . any new t ransformation t ype whose

migration matrix has 8S its leading eigenvector c will be able

t o invade and displace the resident . regardless of the overall

rate of migrati on it causes .

3) In t he same circumstance a s I) , where the r esident transformation

type yields matrix T* , any new transformation type whose

migration matrix, T. satisfies

cl TI +Z > cZTZ +1

clT I +Z < c ZTZ +1

if

if

or

wi ll be able t o invade, and the two transformati on types will go

t o a balanced mixture polymorphism where the portions of the

population in the demes afte r migration are c .

In each of t hes e outcomes, t he ne t e f f ec t is t ha t t he fit ness l oad

1s decreased. How the transformations t he mse l ve s evolve depends upon

the nature of the variation 1n the transformat ions . Thi s s ugge s t s t he

followi ng conjecture:
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CONJECTURE: THE FITNESS LOAD PRINCIPLE:

Transformation types that are not themselves being transformed

evolve to reduce the equilibrium fitness load of the population.

If this principle seems vaguely familiar to the reader, it 1s

because this basic idea was proposed 25 years ago by Kimura (1960) in 8

paper that considers the evolution of mutation rates and dominance.

Offered not as a result but as a premise, he states
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"1 now assume that. in the course of evolution, •••by the accumulation

of modifiers ••• [the mean fitness) will be maximized, or more

strictly the total genetic load • ••will be minimized. This 1s

my view on the course of evolution, and I would like to call it

the principle of minimum genetic load."

Whether or not this 1s true 1n general for asexual populations I

have not determined. If it holds it would be remarkable because the

fitness load depends only on the difference between the mean fitness of

the population and the maximal fitness in the population. If such a

principle is operating, it might instead depend on some function of the

fitnesses weighted by their deviation from the upper bound on the

fitness load, which is determined by the extent of transformation

occurring.
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4. THE EVOLUTION OF TRANSFORMATIONS

UNDER PAI R-MATING DESCENT

In organi s ms whe re the l i f e cyc le involves pair mating, there are

t wo poi nts of t rans f ormation In the cy cle, the transformation fr om

individuals t o pairs, and from pairs t o individuals. There may be, in

addi t i on, transformations within the individual or pair phases. Modifier

models for indi vidual-to-pair transformations In the lite rature include

modi f ie rs of assorta tlve mating (Karlin and McGregor , 1974 ) , and selfing

(Feldman and Chr is t i ansen (1983) and Ho lsi nger and Feldman (1984)) . I

will not be i nvestigating the evolut ion o f pa l r-mat ing transformations

here. but wi l l concent ra t e on pa i r-to-i ndividual trans f ormat i ons. Most

of the modifier models i n the lite rature con ce rn the evol ution o f pair-

to-indi vidual transformations . The s e i nclude re combinat i on , mutation,

segre gat ion dis tor t i on, and s e x ra t io modifiers . Migrat i on cons t i t utes

a transformation within the individual phase if the migrant i s an

individual, or within the pair phase if the migrant is a pair.

When the re is pair-mating in producing of f ps ri ng , the ful l three

dimensional s pecification of the t ype, i ts selection, t rans f ormation ,

and s t ruct ural c ompone nts , must be us ed. Introducing thre e i ndice s ,

s t ruc t ura l, trans f ormat ion, and s elect ion types , t o t he f ormulation

(2 . 2) we obtain thi s gene ral recurs i on on the population .

where
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w ·
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With t he assumption tha t the transformation types are not

themselves t ransformed we obtain:

, w
j kz • 2 r z z T

8 1s 1
8 283

S2a j 8)bk W 82Sj,s3
bk +8 181

bjk

-r
w

j k (3.6 )z z T
8

2
8

3
8

2
a j 83a k ;: 82sj,S3Sk+SlSi

jk

I will investigate a number of models which fit the form of (3 .6) :

The diploid modifier gene model, with random mating, viability selection

or multiplicative fertility selection. The haploid modifier

model s 1n the li terature are special cases o f this.

A model f or culturally t r ansmi t t ed selection types and t r ans f or ma t i on

types.

The cases where the t rans f or mat i on type affects the freq uencies of

pa i r s fo rmed will not be of the fo rm (3 .6). I will, however, examine

one variant from (3.6),

A model of a modifier of sexual reproduction, in whi ch pair mating

frequencies are variable .

(1) THE OIPLOID MODIFIER GENE MODEL

When a gene in an organism determines the tranformat ion type , it

will be called a modifier locus. In this s ection. the evolution of

107
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modi f i e r l oci 1n dipl oid organsl s ms will be cons idered. Two aspects

must firs t be a ddressed: t he ques tion of transformat i on of

transformat ion t ypes , and t he na t ur e of the s e l ected types . I wish t o

exclude the trans f ormation of trans f ormation t ypes from t he model . So

the alleles a t the modifier locus will be t ransmitted without

transformation. Nevertheless , from the co ns i de ra t ion I n t he last

chapter of the segregation-syngamy transformation acting In diploid

sexual reproduction, we know that the modifier genotypes of some of the

of fs pring of two diploids will no t be identica l t o the parental

ge notypes (produc t i on of heteroz ygotes from homoz ygotes , and vice

vers a ) , whi ch co ns ti t utes a transformati on of the t r ans f or ma t i on

types. But recall t hat the s egrega tion-syngamy t r ans f ormat i on

decompos es when ther e is r andom mating and only mult ipl i cat i ve fe r ti li ty

select ion. Assuming t hes e co nditions, t he r e curs i on can be expr essed i n

t erms of haploids and haploid pairs (i.e., diploid s). The tranformation

type will now be the modifier haplotype , which is inherited without

being transformed, thus satisfying the requirement for the ana l ys is

her e .

Secondl y, the se lected type undergoing trans forma t i on need not be a

genotype . In model s of recombinati on and mutation modi f i e rs , the

s elec t ed t ype i s a geno type at a s peci f i c locus or set of l oci. The

modifie r therefore controls intragenomic t rans formation. In migrat i on

modifier models, however, location is part of the s elected type . There

are models where genes affect the transmission of cul t ur a l l y transmitte d

trait s that det ermine fitness (Feldman and Cavalli-Sf orza, 1976 ) . Thes e

models of geneti c control over culturally transmitted trait s have not

previously been ca lled modifier models . but in terms of selec t i on and
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transformation, what they are controlling are processes that may result

1n a transformation between parental and offspring cultural types.

Models of genetic modifiers of cultural transmission are generally quite

complex, because segregation and syngamy transform the modifier

genotypes and because the association between modifier genotype and

cultural type 1n the offspring 1s quite complex. The analysIs therefore

requires 8 more general consideration of structural types and

transformation of transformation types . and will not be attempted

here. Modifiers of intragenomlc transformation and modifiers of

migration are simpler and will be analyzed In this section.

I. INTRAGENOMIC TRANSFORMATION

In this section I will analyze the model where the transformation

type is determined by a modifier locus, and the selection type is

determined by another set of loci. This model includes as special cases

the models of Charlesworth (1979 a), Feldman (1972), Feldman and Balkau

(1972, 1973). Feidman~~. (1980), Feldman and Krakauer (1973, 1976),

Leigh (1973), Liherman (1976). Prout et ai. (1973), Teague (1976) .

Thomson and Feldman (1974, 1976) and others. In this case, the co­

transmission of transformation and selection types is determined by the

linkage between the modifier and selected loci. In terms of the full

haplotypes being transmitted, recombination between the modifier and

selected loci constitutes a transformation. This recombination is

embedded in the T of (3.6). The transformation that is of interest,

however, is the transformation acting just on the selected loci.
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There f ore I wi l l r edef i ne T In t erms of the recombi nat i on be tween

modif ie r and selected loci and an addi tional s e t of T I s which r epresent

t he t r ans forma tion act i ng only on the selected loci. The r ecombinat i on

be tween modi f i er and se lect ed l oc i I s taken a s a f i xed f eature of the

population , outside t he cont rol of the modifier .

Two addi t i onal pr obl ems f or this formulation turn out t o

hav e the same solution.

1) Interference between recombination events I s a ubiquitous

phe nomenon f or homologous r ecombination In eukaryotes. I f the

t r ans f ormation a c t ing on the s elected loci is recombi nation , then

recombina t ion with t he modi f ier l ocus may change the probabili tie s o f

r ecombinant selected haplotypes . To dea l with inter f erence gene ral ly,

we define two new se ts of Tis : one f or whe n no r ecombination occurs

wi t h the modifi er, and one f or when recombi na t ion does occur .

2) This specification als o solves the problem of the modifier

l ocus being linked 1n between two s e l ec t ed loci. In this situation ,

recombination with the modifier a lso may change the haplotype of the

s elec t ed l oci. But this change can be account ed f or simply by defining

a different se t of Ti s for when r ecombination with the modifier occurs,

as before.

The new s ets of Tis will be def i ned i n a s lightly di fferent way

from the previous defini t i ons:

T.!1+a i
bk

r epresents the probability that haplotype MaAj i s transformed to

haplotype MaAi gi ven that the othe r haplotype 1n the d iploid genotype

is MbAk' and there is no recombination between M and A.

1 1 0
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Conservation of the modifier allele implie s that:

TU + cl • 0 for a ll b,j f k , i if c'" a •

An a s sumption I will make throughout that I s c r i t i ca l when

r ecombination t o the modi fier l ocus Is occur r i ng is that there Is no

pos ition e f f ect of t he modifier on the transformations ac t i ng on t he

selected loci. In ot her words, although the linkage phase will affect

the as s oci a t i on of modifier alleles with the s e le cted haplotypes among

t he game t e of fspr i ng of an individual. it wi ll not affect the

f r equencies of the s e l ected haplotypes themselves . Thi s assumpt i on

would be expected t o hold whenever the modi f i e r control of the

trans f ormations is mediated through trans ac t i ng gene products or o t he r

ce l l ul a r activities. This is expressed as :

III

~ ••1 _
bk

:r!!1 • b1 •
. k

Wi t h thi s assumption it wi l l not matter whe ther t ransformation of

the s e l ected haplotype s occur s before r ecombination with t he modifier .

or whether re combination with the modifier occurs first.

When recombination with the modifier occur s , then

'T.ak + a i
bj

r epresents the probabilit y that e ither:

1) haplotype KaAk i s transformed t o haplotype "aAt in

genotype KaAj11 Mb~ after recombination has occur e d between M

.nd A .• or

2) haplotype M~k is transformed t o haplotype " bAi i n

genot ype "aAj ll"b~ and then r ecombination oc curs between

and A.

M

....b j ·.1 •If for some a .b,j,k,i, ~bk
:'& ' -s e 1
I~ , then there i s

interference.
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In this diploid modifier model, transmission distortion Is simply

segre gat i on distortion. Assuming that there is no segregation

distortion of the modifier alleles, then:

I I 2

0< @+o1 < I
bk

The same applies for T

• and I T& + ai ­
i bk

I "1:&+ai.
1, 1 bk I •

If segregation distortion does occur on the modifier alleles . then

this assumption is relaxed to :

0< @ +ai < 2
bk

The same applies for T.

, and I T~ +ai
i bk

+ I
i

Tbk + bi •
aj 2 .

The T in (4 .10) can now be defined in terms of the new sets of

T's:

Let R be the frequency of recombination between M and A. Then,

T -aj ,bk+ai
(I-R) ~ +ai + R ~k +ai

bj
for a'b

T _ l(I-R)( # +ai + t-!~ +ai) + !R(T,t!k +ai + # +ai) for :l' k
aj,ak +a 1 2 ak 8J 2 aj ak

T - (I-R) #aj +ai + R #aj +ai •
aj.aj +a1

PERFECT TRANSMISSION :

If the selected haplotype 1s being perfectly transmitted with a

given modifier genotype, then

@ +ai _ 0 -I
bk ij

and

o if :il' j
I if i-j •

~k +ai
bj

Only if R - 0 , however, will this this will constitute perfect
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FITNESSES :

I will als o us e the diploid genotype notation t o index the

f l t nesses , 80 t he f i tness of genotype

MaA1
-----MA w1ll be ~k for all a , b .

b j

THE RECURSION:

Let zai represent the frequency o f haplotype MaA! . Then

equat i on ( 3 . 6 ) 1s t he recurs ion on haplotype frequenci e s in the

population with t he s ubs tit ut i ons f or T and W. Thus we obtai n:

1 1 3

Z -a1

wi.
" k ( aj + a1
tjkZaj Zbk w (I - R)Tbk R-Tak + a1)

+ bj •

Becau se this Is a non-linear sys t em, it will not be pos sible t o

obtain general global conve rgence results. Ins tead, pursuing the

approach developed for modif ier theory by Feldman ( 1 972), t he nature of

equilibria and their l ocal stability, and the fate of new modifi e r

al leles introduced t o the popul ation at s tabl e equilibria wi ll be

explored.

THE EQUILIBRIUM IDENTITY

At any equil ibrium f or this sys t em, the f ollOWing identity must be

satis fie d:
•

This can be written 1n vector form a8 follows:
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Define

and

o ~ I
b

- bk + b i )
+ RT-cj I i. j •

o .:-

-
• wi

D '" dial( i'l .
w

"I

w
o

where

w

• i
L 'bj"j .
bj

D 1s the matrix of t he re l a t i ve marginal fl tnes se s of t he s e l ecte d

hapl ot ypes , and wi ll r eappear throughout the analyses . If there is no

marginal fitness variance, then D - I •

The matrix 0 b Is a s tochas t ic matrix, s i nce ell .. eT
- b

The equilibrium identity becomes

•

where

Az •
- b

•

Therefore , at equi l ibr ium the spectral radi us

p(o bD) - I f or each modifier a lle le b .

The l ocal stability of equilibria are analyzed by deriving t he

linearized recursions on perturbations away from the equilibrium. For a

polymorphism t o be a plausible state of the population at equilibrium,

the equ i l i br i um must be stable to pert ur bations among the t ype s pre sent,

having what I s called interior s t abi l i t y _ This condition is described
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•
Let z be an equi l i br i um. The popul ation Is perturbed t o ne w
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fre que ncies z where the difference 6E •
•

z - z I s s mal l .- - Le t the

di fferenc e a f ter one generat ion be defi ned
• 6

E •
• •

z - z Then ,

ignor ing terms on the order of

Is:

lei 2 , the r ecurs i on re l a ting

•
e - fE ,

•
E t o e

where r I s t he l oca l s tabi lity ma t r ix. The pol ymorphic e quilibrium

will be stable if t he spect ra l radius per) < 1 t and unstable I f

per ) > 1. I f per) - 1 then a s econd order a na lys is I s required. In

some cases, t he t echnique de veloped by Les sard and Kar l i n ( 1982) might

be useful for t hi s ana l ysis, but thi s Is no t pursued fu r ther here.

To i nves t igate the long te rm evolutionary f ate of the modi fier

l ocus . we wish t o know characteristics of new modifier al l e l es that

e i t he r al low t hem o r prevent them fr om incr easing in the population when

int r oduced a t an equilibrlum~

Let a new mod i f i e r a l le le , Ma, be int r oduced to t he populat i on a t

•
a n equil ibrium z at s ma l l frequencies zai · c ai ~ The lineari zed

r ecursion on the e a ' 8, ignori ng terms of or der £; tis :

•
•

J.
1 " • k ( & + 01
'£ t: E jZbk" (l-R)Tbkw bjk w

R7,.a k + a 1)
+ "b j • (J .8 )

With the i n t roduct i on of the new modi fi er allele, the f requencies

of the pre-exi s ting haplotypes will a l s o be pert urbed , and thi s

perturbation will be represented by the vector

recurs i on on the perturbations is :

E
-r • 11te t otal

r e
o 0 D

a

E

(; "J .
-a
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with each ent ry representing blocks , where Os 1s de f i ne d f or Ma as in

t he equilibrium identity.

The matri x e is irrelevant to t he s tabili ty because of t he zero

bl ock. Thus the spectral radius of the entire s tability matrix 1s

p a max(p (r) . p (0 D»)
a

Since the equilibrium 1s assumed to have interio r stability,

per ) < 1. Therefore , the stability of t he entire s ys tem depends on

whether the new modifier allele increases or not when introduced, that

is, whe ther

1 1 6

o r p (0 D) < 1 •
a

Thi s 1s what 1s cal l e d the exterior stabilit y of the equi l i br i um.

This partition was first established f or a s e l e c t i ve ly neutral

re combination modl fer by Feldman ( 1972) . Sinc e Q I s a stochastic
a

matri x, the spectral radius cannot be different from one unless t he r e i s

an variance in the marginal fitnes ses of the s e l ect ed haplotypes at

equilibrium. This yields the following re s ult :

RESULT 3.3 :

SELECTION CANNOT ACT ON A NEW MODIFIER ALLELE TO CHANGE ITS

FREQUENCY AT MORE THAN AN ALGEBRAIC RATE UNLESS THERE IS AN

EQUILIBRIUM FITNESS LOAD.

This resul t as s ume s random ma t i ng, populations a t eq uili brium ,

discrete non-overlapplng generations , and no trans f ormation act ing on

the modifier, as will all t he results for pair mating des cent, e xcept

where noted.
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A NOTE ON FREQUENCY DEPENDENCE

An important property of exterior stability , not shared by interior

stability, 1s the following:

THEOREM 3.4:

The exterior stability of an equilibrium 1s not affected by

frequency dependent selection or frequency dependent

transformation given two assumptions:
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1)

2)

z.

p(QD)<l.
a

both fltnesses and transformations are continuous function of

This is because perturbations in W or T appear as second order

terms, which cannot change either inequality

p (Q D) < 1
a

or pm D) > 1 •
a

For the interior stability, however, perturbations in W or T

appear as first order terms and alter the matrix r.

1.1. THE EXTERIOR STABILITY OF EQUILIBRIA

In this section I derive a number of results about the conditions

that allow or prevent the initial increase of a new modifier allele

introduced to the population at equilibrium. Although the assumption of

the existence of the equilibria may implicitly require unknown

constraints on the selection regimes and transformation probabilities.

in none of the results do these constraints or closed form solutions of
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the equi l i br i um frequencies appear. The only gene ric as sumpti ons mad e

are that there be polymorphi sm 1n the s elected haplotypes . t hat each

selected haplotype and each modifier allele in the recursions oc cur with

positive frequency, and that the marginal f i t nes s of each sel ect ed

haplotype be greater that ze r o , s ince it can be disregarded othe rwise .

DEFI NITION 4: MODIFIER AND SELECTED HAPLOTYPE FREQUENCIES:

Unde r some c i r cums t ances the total frequencies of s e lect e d

hapl otype or o f modifier alleles will appear .

The t otal frequency of each modifier allele 1s represented by

1 z 1
1 •

The t otal frequ en cy of each select ed haplotype 1s repre s ented by

DEFINITI ON 5: TENSOR PRODUCT FREQUENCIES .

A s i t ua t i on 1n which the modi f i er and se lected alleles a re 1n

linkage equili brium 1s described by t he frequency vector s of the

complete haplotypes being a TENSOR PRODUCT of the respective modi f i e r

and s elected haplotype frequency vectors :

z - x e v

THEOREM 3.5 :

A NEW MODIFIER ALLELE WHICH ELIMINATES TRANSFORMAT ION AT THE

1 1 8

SELECTIED LOCI WILL ALWAYS I NCREASE WHEN RARE . FOR ANY AMOUNT OF

LINKAGE TO THESE LOCI . WHE N THE EQUILIBRIUM BEARS A

"RAN~5'nVMA"TnN_TNnT1r.F.n lo'T"NF.~ ~ VAV TAWr.F. .
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PROOF:

Here ..&k + a 1 • :,.a..l.k +a1 - '1j U 1 j b k TIt f th~ ~ U T ",. ere ore e

re cursion 1s :

1 1 9

e" - (I ­
a1

1:r• •

w

Def ine

Then e - 0 D £a -
• [ (I - R) I + RQ] D e •

I will prov e that the spectra l radius

pro D) • p( [ (I - R) I + R~ D )
a

Proof:

> I • ¥

1) First it will be shown that (I-R)I + RQ is symmetrizable t o a

positive semi-deflnlte matrix.

Let us cal l
• 6

diag(~) • D
1

, and Thu s

Sinc e f or the eigenvalues ;\ of Q,

q Q) • qD WD ) • I. ( (D D )1/2 W( D D f/2)
1 2 1 2 1 2 •

and the matrices Wand (D1D2)112 are s ymme t r i c , all the eigenvalues

of Q are real. Because Q is s tochas t i c, its spectral radius is one,

and thus all its eigenvalues are between -1 and 1.
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Since -I ~ A (Q) ~ I, then

A( (l - R)I + RQ) c [(l - R) - R,(l - R) + R] - [I - 2R,I].

Thetefore for 0 < R ~ ~, we have 0 ~A( (I - R)I + RQ) ~ I. All

the eigenvalues are non-negatlve.
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-I I- -
Defining D

3
- D 2 D 2

I 2
we have

A( (l -R)I + RQ) - A( DJ (l-R)I + R~ D;I)

I I

• A( (DID2)~ (l-R)(D
ID2)-1

+ RwJ (D
ID2

)2) > O.

The last matrix is non-negative and symmetric, with all 000-

negative eigenvalues, and 1s thus 1s positive seml-definite.

2) This enables us to use Theorem 5.1 Corollary F.2 of Karlin (1982),

which states that p (MD) ) L ~ i DCi ) ,where M 1s symmetrizable
i

to a positive seml-deflnite matrix, H~ - ~, e™ -= eT , and

e'l- - I.

•
Here, the eigenvector !L is Dv, since

•
•

- v L
i j

thus [(l - R)I + R~ Dv • D~ •
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Therefore,

Pl II D ) • Pl [ (I - R)I ... RQID)a >

•
'-2
w ) ... 1

Thus, if var(Wt) > 0, then

• 1 ... "1
var(;;:-)

w
> 1 •

p( 0 aD) • p( [(I - R)I ... RQ] D ) > 1 •

and the new modifier increases when r are .

The result that the new modifier a l l e l e can increase even when it

I s unlinked to the selec t ed loci it I s s omewhat remarkable i n light o f

t he intuitive notions about hitchhiking. Hitchhiking Is u sually t hought

t o be where an allele a t one l ocus i nc r eases In frequency by being

linked to an a l l ele at another l ocus whi ch Is increasing In frequency

due to selection. In this case, however, the locus that Is hitchhiking

I s neithe r linked t o t he selected loci nor are the a l l e l es at the

selected loci changing frequency! The linkage disequilibrium be t ween

t he modifier and the se l ect ed loci t hat is necessary for hitchhiking is

generated by selection every generation, and even free recombination can

no more than halve this disequili brium by the next phase of selection .

RESULT 3 .6 :

The selective advantage of a new modifier allele eliminating

transformation decreases with l oos e r l inkage to the selected

haplotypes.

Thi s 1s a direct resul t from Theorem 5.2 of Karli n (1982).
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RESULT 3.7:

The fitness l oad 1s always greater than t he fitness variance .

This is an incidental implication of Resul t 3.6 , which gives
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P (D)
•

• L •

•

I +

•

Th i s result doe s not require the fact that these are e qui l i br i um

values, hence thi s holds for populations 1n a transient phas e of their

con vergence as we l l .

RESULT 3.8 :

A VALUE CAN BE DERIVED FOR AN UPPER BOUND ON THE RATE OF

TRANSFORMATI ON A NEWMODIFIER ALLELE ALLOWS THAT GUARANTEES IT

WILL INCREASE WHEN INTRODUCED INTO A POPULATION WITH A MARGI NAL

FITNESS VARIANCE AT EQUILIBRIUM .

DERIVATION:

For a new modif ier allele Ms ' l e t us define

- A .....1 +a1
mi • 1 - min 1.b1t '

b, k
which Is the maximal rate of t ransformation occur ri ng for selected

haplotype 1 1n the presence of the new modifier allele .

From t he re curs i on (3.8) on t he new modi f i e r allele, we obtain the

inequality:
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E ' -
01

·,j.k 0' +01
I" ( I R)T= + R-TO

b
k
j

+ 01)
b1k

E
ojZbk ;; - bk

- (I -

+ (I - R)

•

1
1"' "k - a k + 01

+ ~ al tkzbk ;; 'fbi

,j.
I" k & +01
L E jZbk ~ Tbkbjk 0 w
jH (3 .9 )

~ (I -

Therefore, 1£

(1-;;').
1

•
w

- R) w
1

then E~l >£ a l"

and haplot ype MaA! increas e s when introduced.

Thus whenever transformation i nduces a f i t ne s s variance a t

equilibrium. it Is possible . a t least when

w

max(w
t

)
1

f or a new modifier that puts a certain upper bound on the amount o f

trans f ormation t o increase when introduced into the population. Thi s

occurs through hitchhiking with the fitt er A haplotypes. by preservi ng

their identity during reproduction.

This condition does not use the last three terms of (3.9) ; using

the second term on the right hand s i de of (3 .9) it can be s harpene d so

that I f •
wo < R < "1x[(1 - r ) ( 1
Wi
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then t he requirement fo r t he i ni t i a l i ncre ase of Ka 1s tha t t here

12 4

exis t

•

•
W

This de pends on v however, so the improvement 1s undetermined without

addit iona l assumpt ions .

I.la. THE EXTERIOR STABILITY OF FlXEO MODIFIERS

Conside r a popul ation at a s table equil i brium whe r e the modifie r

locus 1s fixed on one a l l e le , "1 t y i e l di ng transformat i ons T1 and

T
1

• The selected hap lotype frequencies must satisfy the identi t y

•
y -1

This can be represented in vector f orm a s

•
v

•
- 0 DvI - -

where

~ I 1 , j t

~ I "'y ...a -Tlk + 1
L - Ij I 1, j ,k ~ wj

and D 1s the di agonal matrix o f relative marginal £ltnesses.

and Y
1

are both stochast i c mat rices, since •

A new modif i er allele , HZ' yielding transformati ons TZ and

T
Z

as a heterozygote with HI ' 1s introduced Into the population, and
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the recursion on the frequencies of the new modifier allele is

125

E -1
r • ~ ( ) 2j +21 + R'T21kj +21) •L Ej vk --.:- l-R 'I'lk
jk w

This can be represented 1n vector form as

-nDe­
2 -

where

I r' ..a ~11 +21
L vk ~ "lk I 1,j and
k wj

I
r'v ~ :"2k + 21
L k" "lj I 1, j •k wj

The matrices Y2 and Y2 are also stochastic.

What determines whether or not the new modifier allele will

increase when rare is whether or not the spectral radius

Note that the matrix for HI ' OlD has spectral radius equal to

one,

•

0.10)

This 1s known since the eigenvector v 1s strictly positive by

assumption, and the matrix GID Is non-negatlve: From Gantmacher

(1959), non-negative matrices have a non-negative eigenvalue which is

the spectral radius, and for which the corresponding eigenvector 1s 000-

negative. If v 1n this case were not that vector, it would have to be

orthogonal to it, being also an eigenvector. But being strictly

positive, this is impossible. So ! is the eigenvector whose

eigenvalue, 1, is the spectral radius of OlD.
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The question of the initial increase of the new modifier allele

therefore reduces to the question of how changes from n 1 affects the

spectral radius of that matrix when multiplied by D. At this point we

need again to consider the nature of the variations in the

transformations afforded by the modifier locus.

VARIATION IN DIPLOID INTRAGENOMIC TRANSFORMATIONS

Because there are only two transformation matrices involved here,

the variation between them is necessarily uniform; what is of concern

is whether the variation 1s linear or not. Suppose the variation is

linear, where the relation between TI and TZ is

126

T# +2i •

and between T
i

and TZ is

+

T2k +2i
Ij • + 2 -Tlk+li

"1:1T

where 20] 1s a modifier parameter for modifier genotype
MI

•

Then the following theorem holds:

THEOREM 3.9:

FOR A TIGHTLY LINKED MODIFIER LOCUS, WHEN A NEW MODIFIER ALLELE IS

INTRODUCED TO A POPULATION AT EQUILIBRIUM, FIXED FOR THE

MODIFIER, WITH A MARGINAL FITNESS VARIANCE FOR THE SELECTED
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TYPES. THEN THE NEW MODIFIER ALLELE WILL INCREASE IF IT BRINGS

THE TRANSFORMATION ON THE SELECTED LOCI UNIFORMLY CLOSER TO

PERFECT TRANSMISSION. AND IT WILL BE EXCLUDED IF IT TAKES THE

127

TRANSFORMATION UNIFORMLY FURTHER AWAY FROM PERFECT TRANSMISSION.

PROOF:

The recursion on the frequency of HZ 1s

.-

+ [~

- [ (l-~)( (l-R)I + RQ) JD,,- •

where Q Y1, Y
1

and D are defined 8S before.

If 2
~ • 0 then we have the situation in Theorem 3.5, where the new

modifier brings about perfect transmission, and which therefore

increases for any R. If R - 0 , then the recursion 1s

and now.

e - [ +

In this case, Karlin (1982) Theorem 5.2 can be applied. From

(3.10) with R - 0 • we know that P(Y1D)

if ~ < 1 and p(O 2D) < 1

.. 1. Therefore,

if

From the theory of small parameters (Karlin and McGregor, 1972)

this holds also for some range of R > O. I cannot determine whether it
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holds for all R, however. A substitution of ° 20 into the proof of

Karlin (1982) Theorem 5.2 ends with a term that requires additional

analysis.

This theorem accounts for why the reduction principle works. In

the modifier gene models where the reduction principle works, the

transformation process controlled by the modifier. be it recombination,

mutation or migration (which will be covered later) Is the only

transformation acting on the selected types and each transformation

occurs as a single event. Therefore, the variation In the

transformations Is linear, so this theorem applies.
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When the difference between the transformations determined by M1

and Hz Is affine, the same results will be found to hold that held in

the analysis of affine variation under asexual descent. The discussion

of this is deferred until the next section. As will be seen shortly,

this analysis of the exterior stability of fixed modifiers is actually a

special case of the exterior stability of broad class of "viability

analogous" modifier polymorphisms, and I shall continue the analysis in

ihis broader context.

I.lb. MODIFIER POLYMORPHISMS AND THEIR STABILITY

From Theorem 3.8, it is clear that if the transformation determined

by the modifier heterozygote is closer to perfect transmission than

either homozygote, then as long as the marginal fitness variance at the

equilibrium is not zero, the modifier locus has a protected



THE EVOLUTION OF TRANSFORMATIONS

polymorphism. In previous work to be found on modifier polymorphlsms,

Feldman and Balkau (1973), Prout et a1. (1973). Thomson and Feldman

(1976), and Feldman and Krakauer (1976), two kinds of modifier

polymorphlsms have been discovered. One kind Is distinguished by having

zero linkage disequilibrium between the modifier and selected loci,

while the other has linkage disequilibrium which can be quite high for

tight linkage betweeen the modifier and selected loci. It has not

proved possible to obtain explicit solutions generally to the

equilibrium identity (3.7) with modifier polymorphisms and selected

locus polymorphisms. In this section I will generalize the conditions

on the existence of zero disequilibrium polymorphisms and analyze their

exterior stability. No general results were obtainable for the

polymorphisms with linkage disequilibrium. It will be shown that the

"ba l anced mixture " modifier polymorphisms which were described in the

asexual case cannot generally be characterized in diploids.

BALANCED MIXTURE MODIFIER POLYMORPHISHS

In diploids, the existence of balanced mixture polymorphisms cannot

generally be shown. Even if we assume that the genotype fitnesses are

all equal at equilibrium, the requirements for a balanced mixture

modifier polymorphisms are not necessarily possible to satisfy. With

equal fltnesses, we must have that

Z - [(I-R)T + RT 1 Z-a a a-a

where

129

and

T ~
a

" aj +81
IL zbk'l'bk

bk
1,j

T !l.
a

". :.ak +81
I L Zbk·'bk I 1, j •

bk
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Because this is a system of quadratic equations, the set of

transformation matrices that would satisfy the equilibrium cannot be

characterized as 1n the asexual case.

MODIFIER POLYMORPHISMS WITH ZERO LINKAGE DISEQUILIBRIUM

The work 1n this thesis was initiated in investigating a conjecture

by my major adviser, Dr. Feldman, which was a generalization of the

results in Feldman and Krakauer (1976) on modifier polymorphlsms with

zero linkage disequilibrium between the modifier locus and selected

loci. He noted that the equilibrium modifier allele frequencies 1n

these cases had the same form as equilibria in two allele models of

viability selection, with the modifier parameters in the place of

fitnesses. In analogy to the marginal fitnesses in the case of

viability selection at a single locus, this means that the marginal

130

modifier parameters, L ~~ , for each modifier allele,
b

equal at equilibrium,

• •
~-m ¥ • •

where xb is the frequency of each modifier allele Hb• From this he

made the following conjecture:

THEOREM 3.10:

FELDMAN'S THEOREM ON THE EXISTENCE OF VIABILITY-ANALOGOUS TENSOR

PRODUCT MODIFIER POLYHORPHISMS:

When the parameter determined by the modifier locus enters

linearly into the recursions on the frequency of selected types,

then for any equilbrium where the modifier is fixed on an allele
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yielding modifier parameter
•

•m , and the sel e cted haplotype

frequencie s are ~, there wi ll als o exi st an equilibrium

modi fier polymorphism when e ach modifier a l l e l e has •m a s i t s

marginal modifier parameter , with the modifier l ocus and

s elected haplotypes In linkage equi librium, and t he selected
•

hapl otypes a t frequencies v

Because the modifier l ocus and s e l ec t ed haplotype s are I n linkage

equil ibrium, the vector fo r the complet e haplotype f req uencies can be

expressed 8 8 the t ens or product

• • •
z -xev ,

where x I s t he vector of modi fier allele f requencies (Fe l dman and

Krakauer. 1976). Multi-l ocus haplotypes f requencies whi ch a re the

produ ct of s i ngle locus allele frequencies have been r eferred t o 8 S

"ce ntral " or "mul t i-locus Hardy-Weinberg " equil ibr ia (Karl i n and

Feldman, 1978 ; Kar l i n and Li berman, 1979). Here I will refer t o such

equilbria as "t enso r product" equilibria t o a voi d ambiguity o r confusion

with populations at equilibria having Hardy~einberg proportions among

the genotypes .

The property of the modi fier parameter entering linearly i nt o the

recursions i s a basi c feature of parameters a ffecting transformation

processes, but not selection, because changes in s e l ect i on va l ues

usua lly enter in the mean fitness, whi ch appears as a normali zer. so

tha t t hey ent e r non-linea!!l i n the r e curs i ons . whereas the

transformation probabilities enter in linear transformations on the

frequency ve ctor. Although Feldman' s theorem was f r amed f or uniform
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variat ion In the trans f ormations , be ing f or one parameter fami l ies of

trans f ormation matrice s , the l inearity of the recursions I n each of the

transformation probabilities allows the theorem t o be e xtende d t o

general variation In the transformations.

THEOREM 3. 11:

CONDITIONS FOR THE EX I STENCE OF TENSOR- PRODUCT MODIFIER

POLYHORPHISMS:

Consider a population where the modifi er and sel ect ed haplotype

frequenci e s are of a tens or product f orm:

z • x e v •

Then the recursion be comes

1 3 2

z -a i

At this point, we need t o define the f ol l owing analog t o the

marginal fitnes s of a s e lect e d haplot ype :

DEFINITION 6: THE MARGINAL TRANSFORMATION OF A MODIFIER ALLELE

Define the aa rgl na l transformation o f a modi fier allele Ma as:

Taf i ~
k

c ~+ait: Xb1bk and
b

- 1<> iT"j 6 C -Tak +ai
- L x b bj

b

Using this 1n t he re curs ion give s
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z
-a - x [ (l - R)

a + R II
k

- x [(I-R )Y + RY
a

JD~
a a

where and
~- k+1

v - Ta- I .
k w

j
j

(3.11)

•
x

If for all modifier alleles Ma ' and for some frequencies

•
and v

•
•

RY (ih, •
[ (I-R)Y + - va a -

(3 .12)

then we have an equilibrium,

•
The only requirement on t he marginal transformations is that v be

a leading eigenvector of each matrix

[ (l -R)Y
a

+ RY. 1D

derived from t he marginal transformations. So In particular, if all the

marginal transformations are identical and v satisfies (3.12), then the

tensor product equilibrium obtains. Although t he r e may be cases where

(3 .1 2) Is satisfied even when the modifier a lleles have different

marginal trans f or mations , I cannot general ly characterize them.

"Viability-analogous" wi ll refer to t he marginal t ransformations

all be i ng equal, s ince this I s t he analog of the marginal fitnesses of

multiple alleles all being equal at equi librium under viability

selection. In t he case of uniform variation in transformations , the

transformation are characterized by t he modifier parameters. Therefore,

in order for the marginal transformations to be identical, the marginal

modifier parameters must be identical, which proves Feldman's theorem.
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I will use V.A.T.P. as an abbreviation for H vl abl 11t y- anal ogous , tensor

p roduc t ",

When the variation 1n the transformations Is non-uniform, as 1n the

case of a modifier control recombination between several non-interfering

loci, it will not in general be possible for the marginal

transformations to be equal. Therefore. viability-analogous, tensor

product equilibria should be thought of mainly as a feature of uniform

variation 1n transformations.

I.1e. THE EXTERIOR STABILITY OF TENSOR-PRODUCT

MODIFIER POLYHORPHISMS

Let the population be at a tensor product modifier polymorphism
A A

where the marginal transformation probabilities for each modifier allele

134

are

*"1+1 "*k+i *T t and T J . which yield matrices Y and

when substituted in (3.11).

-.
Y

Now we introduce a new modifier allele Ma which in a genotype

containing modifier allele Mb yields transformation probabilities

~+ai dT8k+a1
·'bk an bj

The marginal transformations defined for the new modifier allele

are

, + 1
Ta..L -

k L "xb~ +ai and
b

-T k + 1a-
j

" • -Tak + at
-l x - •

b b a L
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The recursion on the frequencies of the haplotypes containing the

new modifier allele is

1 35

e- • [ (l-R) II
k

1D "-

RESULT 3.12:

• [ (l-R)Y + RY ] U<;.
a a

• Q IE
a -

An important point that can be seen here Is that it 1s only the

marginal transformation probabilities of the new modifier allele that

are involved In its initial increase behavior. The different

transformations it may produce with each of the existing modifier

a l l e l es do not appear except as contributions to an average.

RESULT 3.13:

The equilibrium frequencies that the selected haplotypes would

reach under the marginal transformation of the ~modlfier allele must

be different from the frequencies at the existing equilibrium for there

to be selection for or against the new modifier allele that would change

its frequency at a geometric rate. This can be seen by noting that if
• •
v • Q Dv

a - •

satisfying the equilibrium identity with the same selected haplotype
•

frequencies v J then

so the new modifier allele can change frequencies at no more that an

.algebraic rate.
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The necessity f or the variation In the transformation t o appear in

the eq uilibr i um rel ations of the selected haplotypes 1n or der for ther e

t o be selection on t he modifier bas been shown f or recombinat i on by

Feldman (197 2) and for migration by Christiansen and Feldman (1975). In

these cases , s i nce the variation 1n transformations I s uniform, it I s

t he modifier par ameter that must appear I n t he equi l i brium identity for

there t o be selection on tbe modifier.

VIABILITY-ANALOGOUS. TENSOR PRODUCT EQUILIBRIA

For viability-analogous t ensor product equilibria, there I s onl y

one margi nal trans f ormation among the modifier alleles pr e sent a t

equi l ibr ium. Therefore , the I nItIa l increase behavior of a new modifie r

a l lele de pends only on the r ela t i on between the equi l i brium margina l

transformation and the margi nal trans f ormati on of the new modifier

allele . It i s the same a s i f the new modi f i e r a l lele were int r oduced t o

a popul ation fixe d on a modifier, where the fixed modifie r homozygot e

yielded the equi l br l um mar ginal transformation, and the new modifier

a l lele yiel de d the new marginal transformation as a heteroz ygote.

So what must now be conside r ed, r egardless of the nature of the

variation in transformati ons among the modifier genotypes present at

equilibrium, i s how the new marginal transformati on compares with the

equi l ibrium marginal transformation. When the new mar ginal

transformation is uniformly closer to or further from perfect

transmission , Karlin ( 1982 ) Theorem 5 . 2 again applies , so Theorem 3.9

can be extended to v i abi l ity-analogous , t ens or pr oduc t modi f ie r

polymorphisms:
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THEOREM 3.14:

FOR A TIGHTLY LINKED MODIFIER LOCUS. WHEN A NEW MODIFIER ALLELE IS

INTRODUCED TO A POPULATION AT A STABLE VIABILITY-ANALOGOUS.

TENSOR PRODUCT EQUILIBRIUM. WHERE THERE IS A VARIANCE IN THE

MARGINAL FITNESS OF THE SELECTED TYPES PRESENT. THEN THE NEW

MODIFIER ALLELE WILL INCREASE IF ITS MARGINAL TRANSFORMATION IS

UNIFORMLY CLOSER TO PERFECT TRANSMISSION THAN THE EQUILIBRIUM

MARGINAL TRANSFORMATION. AND IT WILL BE EXCLUDED IF ITS MARGINAL

TRANSFORMATION IS UNIFORMLY FURTHER AWAY FROM PERFECT

TRANSMISSION.

I.ld. THE EXTERIOR STABILITY OF VIABILITY-ANALOGOUS.

TENSOR PRODUCT MODIFIER POLYMORPHISMS

WITH RESPECT TO AFFINE VARIATION.

One of the crucial properties of affine variation 1n

transformations is that Theorem 5.2 of Karlin (1982) no longer

applies. When the variation 1n the transformations is not not simply a

shifting of weight between perfect transmission and aoother

transformation matrix, it 1s possible for an increase in the overall

rate of transformation to evolve. This Is shown 1n two examples 1n the

literature where modifiers causing affine variation were studied. In

the model by Charlesworth (1979 b), where a modifier controls

recombination 1n a population also undergoing migration, and 1n the
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models by Feldman et a1. (1980), where a modifier controls recombination

in a genes also undergoing mutation, increases 1n recombination were

able to evolve. Although I cannot give any general condition for when

increases in transformation will be able to evolve under affine

variation, some limited results can nevertheless be obtained.

First I give an intuitive but trivial result. Suppose that with

the new modifier allele , all the selected haplotypes are transformed to

a selected haplotype h with probability one,

138

~+a1

bk
• ~k +31

bj
y b,j,k,l.

Then the recursion on the haplotypes with the new modifier is

. L
j

•

and - o for ~h.

Therefore from the second generation on,

• wh
E: h - ~E:h

W

So this new modifier allele can increase when introduced only if

selected haplotype h happens to have a marginal fitness greater than

the mean fitness of the population. This extreme case serves as an

example of a more general property that modifiers that cause an

increased production of the fitter selected hap10types can increase in

the population, allowing the evolution of transformations to escape from

the inexorable trend toward reduction in the overall amount of

transformation which occurs under linear variation.

The balance between reduced transformation and increased production

of the fitter types can be described quantitatively for affine variation

·wi t hi n one class of transformations, those with memori1ess
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distributions , whi ch i nclude the "hous e of ca rds " mutati on mode l of

Kingman ( 1980) . Here it Is possible t o calculate, f or 8 tightly linked

modi fi e r , the amount of selection on new modifier alle l e as its marginal

t r ansformation deviates from the equi l i br i um marginal transformation .

A transformati on with a memorl1es 8 distribution wa s defined

(DEFINITION 4) to be one wher e a l l types have t he same probability of

undergoing a transformation process, and when they do, the type t ha t

t hey become has a distribut ion t ha t I s independent o f t he i r f ormer

t ype. Fami liar examples I n models o f migration are the Wright island

model, the Levene model , and the Deakin model (see Karl in, 1982). In

the case of diploid genotypes . a transformation matrix with a memoriles s

di stribution wi l l have e l ement s
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i +1Td _
k

Y k • where and l: t
1

a 1 •
1

When t he r e is uniform variation in the transformat ions, due to any

of t he r eas ons discussed in Section 2., t he general form for the

transformation matrix with a memoriless distribution is

(3 .13 )

where a and 6 are the overall trans formation rates and si a nd Pi

a re probabilities of producing haplotype i given there i s a

transformation. The modifier may change, therefore, both the overall

rate and the relative dist ribution of transformations. Here I have

assumed t here 1s no interference be t wee n recombination with the modifier

and the trans f orma t i on process .
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THE RATE OF CHANGE IN THE SPECTRAL RADIU S OF THE STABILITY MATRI X FOR A

NEW MODIFIER ALLELE

Suppose that the population I s a t a viability-analogous , tensor

product equilibrium, with an e qui l i br i um margi na l modifier parameter

14 0

of •m Substitution of (3. 13) into (3.11) yields

•• •Y - (1 -e )( (I -c H + a S) + m ( u -s n + aP)

where S • diag (~)U • and p . diag (g)U •

(3.14 )

Here , v must solve t he equi l ibrium identity:

•
v - [

• * • * ..
( (I ..... )(I-a) -m (I -il») I + (I ..... )xS+m 8 PjDv

* ... • *
• ( 1 -(I ..... )x - m 8) ~ + (I -e )x! + m 8 E •

(3 .1 5 )

yiel di ng

Suppos e that a new modifier al l e le , Ha has bee n intoduced t o t he

population, yielding a marginal modifier parameter ma• The recursion

on the fre quenci es o f the haplotypes bearing Ma is

•
e • Y

a
[ (I -R)I + RQ] D £_ •

where h a s be en substituted f or • in (3 .14) t o y ield Ya • andma m

s i nce there Is assumed to be no interference,

foll owing theorem applies :

Y • Y Q . Then the
a a
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THEOREM 3.2b:

CONSIDER THE CASE OF AFFINE VARIATION IN TRANSFORMATI ONS WITH

HEMORILESS DISTRIBUTIONS (3 .14 ). FOR A TIGHTLY LINKED

.MODIFIER, THE SPECTRAL RADIUS OF THE STABILITY MATRIX FOR A

1 4 1

NEW ALLELE WITH MARGI NAL MODIFIER PARAMETER

APPROXIMATELY

*ma NEAR m I S

1 + (m ­a
* a-ll

m ) 1""'Y '

1f f o r some 1 I a S1 + BPi " 0 ,

or ot he rwise ,

2.

where

- 1 +

. [

* 1 • r - 1 1
(m - .. )(L - v w ) -

a l Ylll y2

PROOF :

Suppose t hat s uf f i ci ent time has elapsed 80 that ~ has c onverged

t o the l eading eigenvector of the stability matrix
•

o 1) The genera 1
a

relation for an eigenvector E associated with eigenvalue A of

n D 1s:
a

A~ - [ O-m )(O -a)I +as) + m ( u-s jt + SF) ] [O-R)I + RQ] DE • (3 .16)
- a a

Assume t hat the eigenvector 1s an isolated point, 60 that implicit
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differentiat ion wi t h respect t o ma 1s possible.

Define the partial derlvitives

14 2

Then :

o • 0
A£.+ A c

o
£

d a •
- - £am ­

a

- [ (a -ll )I -<>S + arj[ (I -R)I + RQ] ~ + YJ (I-R)I + RQ] & . (3 .17)

• •
At c ,. ~, and A - p • 1 t t he s e identities can be used:

•
I) UOv-e

Hence

2) U&
o

- p e 3 ) UQO - un
• •

4) QOv - Ov •

and

o 0 0
= dl ag(OUO ~ - dlag (£)~ p - p.£

• •
PQOv - POv - .e:

After substituting these 1n ( 3. 17 ) and rearranging we have

o • * * * 0
p (~-(I-m ):J~-mael + [1 - (I-(I-m):J - m a l o k

•• 0
- R( I - (l -m ):J -ma)[Q - I]I:t_

- a.£ - a!. + (a-ll )Ov

o
Evaluating p can be done only when R-O. which yields
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0 '" * * * • 0
p (~ - (I.,. )a.!""111 ail + [ I - ( 1 - (I.,. )a ""111 a )D k - a£ -a.! + (a-il )D~

(3.1 a )

Two cases must be considered:

CASE 1.
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• * wh1 -( 1- (I.,.)a - mal ,.- - 0
w

for some h.

Let us de fin e

& * *y - (1""111)a + m a •

whi ch 1s the ove ra l l transformation rat e •

•
Then 1 and

1-'1' o
p •

1. 0 < m* < 1.

2. m* · 0 or m* · 1 •

oP •

Then the requirements for differentiability may not satisfied.

For m* - 0 t this means a Sh - 0 • s o

+a-il
1""1
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Because vh drops out of

appear 1n (3.15), so the value

CASE 2.

*(3.15). and since m - O. Ph does not

Ph
~ is not uniquely defined.
v

h

• • wi
1 -{ 1 - (I..., » - m 3 )~ > 0

w
Vi.

* *Then the matrix I - ( 1 - (I..., » - m a) D is invertible.

Since

then

• * wi
1- (1- (1...,» -ma )

w

[1 - (1 - (1...,*» - m*a )D]-1

- diag(~X (1...,*» diag(~) + m*a diag(p») -1 •

Define

Then

(3.19)

and

By multiplying (3.19) by ~TD. we can use the fact that

T •
e Dv • 1 to obtain

o To
p • e It

6 * *Now define 'Y 1 - (l-m ):lSi + m BPi
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Then op can be expressed

. .
o
p - - a s +

1
(3 .21)

Fur t her e valuation 1s pos sible using t he i dentity

Then

r
1

- y 1 : 2
- - w)y

•
- 2
w- +y

- 22w
y •

The first t erm above ca n be rewritten:

The equilibrium identity

•

gives
......... ~

view - wi +Ywi ) • Y t W ,

t hus

So

y 1 e,
- -w

y
r ~

• -v (w - w)
y 1 1

•

The second t erm c an be r ewritten also, since
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This yields

I. ...8 ( p -
y 1

o
o 1 •

The s e cond term in t he br ackets can be rewritten as

where

Pi-Sf
Y ) ]

1

and

Into t he expression

' . t· Y1 P1-
5

1
v L (v - -) ....:,,--=-

1 i Y y 1

we can s ubs titute the followi ng der i vat i on f rom t he equil i brium

identity,

t o y i el d

(3.22)

There f ore ,

• • 8 [
.

(I.oy ) L
1

+ Y ] .

o( Y D)a
• I +

• I · T -1 I
( m ..... XL - v 1v 1) -2

8 1 Y i l

Thi s comp l e t es the proof .
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In Case 1., a new modifier allele can change frequency at a

geometric rate when introduced only if it changes the amount of

transformation occurring, i.e. only if

•(m
a

-m )(aoil)' 0 •

and it can increase if and only if it reduces the amount of

transformation.

In Case 2. the terms in the brackets show two different forces that

contribute to the change In the spectral radius. The first term
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w

is the contribution of the marginal fitness variance to decreasing the

overall amount of transformation occurring. It is zero if and only if

either

1) the marginal fitness variance Is zero, so

Y 1, or

2) the new modifier paramter ma does not change the total amount of

transformation (l-ma):J + mj , which requires a • B •

When the marginal fitness variance is not zero, then the term is

positive if increasing ma decreases the overall amount of

transformation, and is negative in the opposite case.

Another interesting feature of this term is seen by substituting

from the alternative form of the equilibrium identity (3.22),

y;" Y i """
1"'1' (v1- Y ) • v 1 ( w1- w) .

The first term becomes
e, y2 1. y 1 2

(a oil )w ._ - - r - (v - - )
(1"'1')2 1 Y 1 1 Y

•
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If no se lect ion wer e acting, then under transformati on alone the

equi l i br i um haplotype frequencies would a l l be
• y 1
v • -.

1 Y

So t he squared term i s t he deviation of t he selected haplotype

£reqoencles f rom where t hey would be under pure trans f ormat i on. The

e f fe c t of addi ng selection t o a s ystem of pure transformation 1s t o

create selection f or decreased amount s of transfor mation.

The second two t e rms are the contribution from increasing t he

t ransformation probabili ties t owa r d the fi tte r t ype s. Increasing ma

shifts the t r ansformat i on distribution fr om the 81 va lues t oward the

Pi values. When the higher Pi ' s are suffi ciently more as s ociated wi th

the higher marginal f l t nesses t han the 81 's J t hen this term i s

positive.

If t he varia t ion is linear , which occurs i f a nd only i f

a • 0 , or B • 0 , or si- Pi f or a l l i ,

then the second term i s zero. It i s als o ze r o i f the marginal fitnes s

vari ance i s zero.

14 8

The bas i c conclus ion from this derivation i s t hat , a t l eas t i n t his

case , whether or not a new modifier al l e l e can increase i n the

population depends on a combination of how much it r educes the overall

amount of transformation occurring, and how much it shift s the

transformat i on distribution toward the production of fitte r t ypes.

I cannot s ay whether the results of t his derivation woul d a l so hol d

f or t ransforma tion with ot her than memori l ess dist ribut ions, f or l oos e l y

linked modifiers, or f or new marginal modifier parameters far from •m
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However. in mode ls of recombination modification wher e there Is

also migration (Charlesworth and Charlesworth. 1979) , or mutation

(Feldman ~ a l • • 1980 ) , the variation I n the transformation I s af f ine

because, as was discussed I n Sec tion 2. , cases 2) and 5) show that when

the modifie r has only pa r t ia l con t rol of t he transformations occur r i ng ,

the variation in the transformations can be affine. In these cases

whe r e the addition of mutation or migrati on make s the variation affine .

it I s possible for a modifier i ncreasing recombination t o increase when

intr oduced int o the population . This suggest s the foll owing principl e:

THE FRINCIPLE OF PARTIAL CONTROL:
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When a modifier gene has only partial contro l over the

trans f ormations occur r i ng at se lected loci , then it is po ssible fo r this

part of the transformations t o evolve an increase .

THE CD-EVOLUTION OF TRANSFORMATIONS

An interes ting question is how different parts of a transformation

under the co nt ro l of dif ferent modifiers wi l l coevo l ve . I s it pos sible,

since each modifier will have only par t ial cont r ol over the

t r ans f ormation , for all these parts t o evolve a n increase? In other

words , by f ragmenting the control ove r the transformation among various

modifier genes , i s it possible fo r the transformation t o "boo ts t r a p"

itself away f r om perfect t ransmission? For the case of t ransformations

with memor i less distr i bu t ions , a t least , th i s appears no t t o be t he

case .

Suppose that the t r ansformation acting on the sel ec t ed haploytpes

i s composed of several proces ses , ea ch of which i s con trolled linearly
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be a modifier l ocus, as in case 5) of Section 2. . Conside r when there

are two such processes and each has a memori less distribution. The

transformat i on ma t r i x will be of the f orm

I 5 0

Y - II() i, j - ( (I - a ) I + aFH (I -b)I + bG)

• (l -a)(I-b)I + aF + ( l -a) bG

where F and G are rank one stochastic matrices .

(3 .23 )

Now let a modifier con t rol either a or b. (3 .23) can be

t ranslated into the fo rm of (3 . 14) choosing e i t her a or b to be the

modifier parameter. wi th t he s ubs t i t ut i ons as shown in t he f ol l owing

t able :

TABLE 12

MODIFIER CONTROL OVER TWO LINEARLY VARYING TRANSFORMATIONS

values for :

MODIFI ER

CONTROLS a:

MODIFIER

CONTROLS b :

a

b

a

I

I

as

bG

aP

F

(I-a)G + aP

p - S

F - G

(I-e )(G - F)

In each case. Yi • af
i

+ (l-a)bg
i

.

Let us l ook at how The orem 3. 2b . applies. For modifiers o f both

a and b, t he coefficient on the t erm
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1" 2 " "- 2L - v (w - w)
ill i 1

from The orem 3.2 b . case 2•• will be nega t ive , cont r i but i ng t oward

decreasing both a and b . The only way f or both a and b t o

evolve an increase Is for the second two t erms 1n the brackets f rom case

2. t o be suf f i ci ent l y positive . But the value s Pi - 81 for t he

modifier o f a will be of opposite s ign of those values f or the

modi f i er of b. as seen from the l ast column of Table 12. Therefore,

if the s econd two t erms 1n the bra ckets a r e posi t ive for one modi f ier

tbey will be negative f or the ot he r . Thi s yield s the following :

RESULT 3. 15:

For t rans for ma t i ons wi th memor i l es s dis tributions , where two

modi f i e rs each have linear control ove r only a pa rt of t he

trans f ormation . if one modifier e volves t o increase t he part o f the

trans f ormation it controls. t hen t he ot he r modifier must evolve t o

decrease the part of the trans formati on i t controls .

It would be of int eres t to know whe t he r Result 3. 15 extends t o

other forms of t ransformation.

1. 2. THE INTERIOR STABILITY OF VIABILITY-ANALOGOUS,

TENSOR PRODUCT EQUILIBRIA FOR MODIFIERS

YIELDING UNIFORK VARIATION

Here I will evaluate the local interior stability of a vi abi l i ty-

analogous , t ensor product modifier polymorphism for a modifier that

yields uniform vari ation in the transformations .

1 5 1
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Using t he genera l f orm f or repres ent i ng uniform variation , t he

re cursion f or sys tem i s
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z •
ai

Letting

r
bjk

• •
za i • zai + c ai • xavi + e a1 •

where the perturbations L e i • 0 , we obtain the f ollowing linearized
ai a

recursion on the pert ur bat i ons :

•

+ x v i r
a bj

+ <l:
hj

• h j + i
vh"r Af; E aj

•
+ x

a

•+ (m r
hj

.. h h ... i+ x r V
j

_
j

F
j• hjh

a
"'bE bj)(l -R)
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Thi s can be represented in vector f orm using t ens or products:

1 5 3

* + A + *- Je" -
II •

[ (I-R)(I
Z

+ A + m B) + R( Q m B)

•
[ R( I

Z
+ A) + (I - R)(Q + A)l+ diag(x)U1 - (II· D)E_

+ diag(~)M _ [ RB + (I -RiB]

•
- 2 diag(~)U l - diag(!.) UZ

4. r E

where

- b
A - i ,j ,

Band B are defined analogously, and Q and 0 are defined a s

be f ore . U1 i s an nl by nl matrix of ones , where nl is the number

of modi f i e r a l l el es , and U2 is that for n2 the number of s el ect e d-

l oci hapl otypes . M i s t he matrix of modi fier parameters,

II and 12 are the appropriate identity matrices.

To begin the analysis, first, let us project the vector ~ on t o

the space of perturbations in the se l ect ed haplotype s , by adding up ,

r Eat •
a

Since

This is accomplished by premultiplicatlon with

T
.!1 • 12

we have

T •
~I d1ag (x)U 1

T •
.!1 diag <,~)M * T• m e

- I

-
T

( !: 1 - 12)r~

Gil (~i· I Z) ~ 0. Z4 )
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where

G ~ 1
2

+ Q+A+A+ m*( B +8> - 2 diag(!)U
2

This recursion on the pertur ba tions of the selected haplotype

f r equenci es i s identical t o the r ecursion whe n t he modifier I s fi xed,

v • CD v •

Thus we obtain the following :

THEOREM 3. 16,

I f the select ion-transformation equilibrium Is unstable when the

modifie r I s fixed, i t Is a lso unstable for t he viability-analogous,

t ens or produc t modi f ier polymorphism. For the pol ymorphi sm t o be

s table, at least the eq ui librium with fixed modifier must be stable.

i.e.•

p (GO) < I

Although this was demonstrated he r e only f or uni form variation , it

can be seen t o hold for any V.A.T. P. equilibrium.

fo rm. a line a runder T
!.l • 12

It wi l l be of dimension (n1 - 1)02'

oVec t or s whi ch proj ect t o

subspace of {E} • call it N

where nl is t he number of modif i er alleles. and n2 the number of

sel ected haplotype . Thi s i s seen becaus e we ca n us e as a basis f or N

(~ • Yj )

whe re ~i are n1 long vector s . t j are n2 l ong vectors . and

T
!.1 a:t - 0 Y -- j

p
0)
b

• jth componen t i s 1.
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There are as sumed t o be at least two modi f i e r al l eles, for

o t he rwi s e N would consis t of the zero vect or . To fi ll out {~ • we

de f i ne t he s pace H, or thogonal t o N. H 1s of dimens i on 02 - 1 . For

a ll B c H • we know

Por each (; t here 1s always a unique repres en tation

I S S

E - c + B where e E N. !!.. e H

Then , from (3 .24) .

• T
1 2) r • • (GO) (~I "

_ (GD)·(~~ "

I)r n- I._
2 -

I 2 )(~+ V -

n T
(GO) (~I " 1 2) s,

(GD) ·[(~~ " I 2) !U

Since we have al re ady required that

lim (GD)nx - 0 y x: T 0 havee x - • we.- - - 2 -

11m ( ~x
n

12 ) r ~ - 0, y e •-.-
There f ore, traj e ctories c onverge t o points i n N, al l component s

from H in (; damping out . so we need onl y co ns i de r perturbat i ons

E e N •

Now, f or

we have

So

Y c EN.

whi ch gives

--
e - ( II" [ (I - R)(I

2
+ A + I'-B) + R(Q + 1 + m* In]

+ dlag (x)M" [ RB + (I-R)B] ) (I I" D)E:_
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In the analogy t o vi abi l i ty s elect ion, t he modifie r parameters

1 5 6

i

"'J behave a s fitnes ses except that, whereas a new s e lected a llele

*must have wi > w to increas e, the modifier must have m
1

< m from

t he l ast sect ion. Therefore, the analog to the fitnes s matrix would be

the matrix U - M Pursuing this ana logy , we might expect that

modi f ier overdominance would be required t o make a modi f ier polymorphism

s t able .

Maximal overdominan ce 1s attained when

M - diag(4)

Here, the phenotype that 1s ove r doml nan t i s the extent to which

pe r fec t transmi s s i on o f the ha plotypes is occur r i ng, r ather than t he

exten t of transf or mat i on . The be s t biological example of maxima l

overdominance is a chromosomal inversion bordered by two l oci under

selection. The i nvers i on acts as a tightly linked mod i f ie r of

r e combination. which a s a heterozygote eliminates r ecombination between

the two loci.

Si nce • *- ~x - m•• this gives diag(.!)M

Substituting , we obtain

;:- - ( I 1o[ (l-R)(I2 + A) + R(Q + A) + m* (B + 11)] oj e

For this case, the V.A.T.P. equi librium i s stable if p (JD) < 1 ,

and unstable if p (JD) > 1 •
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It I s s ignificant that neither the s pecifi c modifier parameters no r

t he modi fier a l lele frequencie s a ppear directly here, whi ch g i ves the

fo l lowing re s ult :

THEOREH 3.17 ,

For a maxi mally ove rdominant modi fi er l ocus. neither the de gre e o f

a l l e l ic multiplicity a t the modifier locus, nor the s peci f ic modifier

parameters o f the modifier homozygote s , are relevant to the s tabi l i t y o f

a V.A.T.P . modifier polymorphism with uniform variation in the

transformation.

• -. • (l -R)B)No t e t hat J - (l -R)Y + RY + m ( RB+

2 ( ~ (Y• -. •
G - + Y ) - diag (.!)U) •

Y' -.
where and Y are defi ne d as in the exter ior s tabil i ty analysis

1 57

( L s I c , ) ; Now.. -.
p( [ (l -R)Y + RY ] D) - 1 ¥ R a nd p (GD) c 1

1 • .. *
p([ i (Y + Y) diag(.!)U ] D)

We wish t o know

by assumpt ion . thus

( .!.2 •

* ~ * *p ( [ (l -R)Y + RY + m (RB + (l-R) il)] D) •

I cannot sol ve this generally . but will consider SOme special

cases .

1.2a . UNLINKED MODI FIERS

No t e the f ollowing re l ation :

At R-l!2

J -
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In comparison . a t R-l / 2. the s tabi l i ty mat r i x for the i nit I al increase

of a new modi fi er allele whose marginal transformation f alls wi thin the

same uni f or m va r i at i on i s

15 8

o _ ! (1 + A + Q + A)
• 2 2

m
+.,,!{B + B)

2

m ­•

There f ore, we have the very interesting result :

THEOREM 3. 18:

For an unl inked modif i er . a V.A.T.P. equilibrium with uni f orm

vari ation in trans f ormations and maximal mod ifier overdominance will be

stable i nternall y i f and on ly i f it is s table t o t he int roduc t ion of a

new modifie r a llele having marginal parame t e r

2m" .

I do not know what 18 entai led when 2m* Is beyond t he f easible r ange

Unfortunate ly, the exterior s t abi l i t y to the introduction of new

modifier allele s with ma > 0 has not been t r a ct l bl e f or R > 0 In the

ge ne ra l case . In the cases in Feldman .!!..!!. (1980) , anal ys is f or loci

with two allele s ha s been done. tn the cas e of a r ecombination modifi er

when there i s no mutation, s o that the variation in the t ransformation

is linear , thei r r esul t s i mply that at R- 1/2 ,

p (JD) < 1

This yi el ds t he f oll owing :

s i nce p(n D) < 1 at•
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RESULT 3 . 19:

For an unlinked modifier of recombination at two loci, subj ect t o

no ot her transformations, when there are two alle les at each of the
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s e l ect ed loci. and an arbitrary number of maximally overdominant a lleles

at the modifier l ocus, a viability-analogous. tensor product equilibrium

is stable given that polymorphism among the s el ect ed l oci under the

eq ui l i br ium re combination rat e i s s tabl e .

Thi s extends the result of Feldman and Ba l kau (1973) t o arbitrary

selection regimes and arbitrary number s of modifier alleles. which.

however. are r e s t r I ct ed t o being maximally overdominant.

I f the reduction principle coul d be shown t o hold a lso f or the

general case of linear va r iat ion i n trans f ormations with unlinked

modi f iers . in other words, i f i t coul d be shown that a new allele

linearl y increasing tran sformation is always excluded. then Result 3.19

coul d be extended gene r al ly . Given that a polymorphism among the

selected loci under a given transformation is stabl e . then a V.A .T.P.

polymorphism wi th the same equilibrium transformation, wi t h an unlinked.

maximally ove r dominant modifier. and linear variation in the

transformation, is always stable .

Now let us cons ider affine variation in t he transformation . At a

V. A. T. P. equilibrium. if a new modifier allele increasing transformation

by any amount can ge t into t he population. t hen Theo rem 3.18 implies

t hat the V.A.T.P . polymorphism will be unstable f or an unlinked

modi f i er. This would hold f or the case of recombination modification

with mutation present . in Feldman e t al. (1980) . provided the c ri t i ca l
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value of R a t whi ch the exterior s tabi l i ty changes I s greate r than on e

half . Thi s I s t o be e xpect ed 1 f the viability analogy is reconsidered

f or the af f i ne case . I n thi s cas e , the modifier l ocu s would appear t o

be underdominant. because lower amounts of transformation are being

s e l e cted aga i ns t . In analogy with vi abi l i ty select i on, polymorphi c

e qui l i bri a with unde rdominance are unstable .

I will now conside r two s peci a l cases o f transformation:

recombination and mutation. In both the s e cas es , the va riat ion In the

transformat i on will be l inear, s o ~O , and B-P-I. I will as sume

there I s no int erference. Thus

11 * * ...J - ( I - R-m )1 + (R-m )Q + m (P +P ),

1 6 0

where

~+ai
bk - a _ i + i

+'"blk '

I. 2b. MUTATION MODIFIERS

i, j
a nd 1,j .

For the general mutation transformation , ~ + i • p~ i Y h •

Thus P - IPj+il .

So J - (I -R) I + RQ + m*(P-I) (I+Q) .
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I will anal yze the case with 2 alleles at the sel ec ted locus . In

I 6 1

t he f ollowing derivation• •m re fers to m and w1j
1

refers t o W j.

•
A W 11 .. " 12wI 0

. vi"""'-- v 1"""'-

- I ~~
q3 II .D - w Q • wI Wz

Wz .. "21 .. "22
q4

0 ~
vz~ vz~w

wi Wz

P • II :~ ::11' an d

I will drop the s uperscri pts where conveni ent at this point .

Thus JD-

~ IIWI [1-m- R+mpl+ (R-m)q 1+m (Plql+P3qZ»)

W wI [mp Z+(R-m)QZ+m (PZQi+P4qZ»)

wZ[mP3+(R-m)Q 3+m (PIQ3+P3Q4») I
wZ [I -m-R+mP4+ ( R-m ) Q 4+m (P ZQ 3+P4Q~ )

To e val uat e p(JD) we examine t~e characteristic determinant and

its derivative at ~ · l . The characteristic determinant I s

ch(>' )

where



THE EVOLUTI ON OF TRANSF ORMATIONS

•
Cll - v I - v A + m(- w1PZ - v1w1 1 + P1v1vll + P3vZv12)

•
C

I 2 - 1I(P3V Z - v1 v 1Z + P1v 1v I Z
+ P

3v Z
v

ZZ) •
• .

C
21 - m(pZv 1 - vZwl Z + PZvIwll + P4vZwI Z)

• • • •
C

22 - "z - WA + 11(- P3wZ - vzwz z + PZv1wI Z + P4VZWZZ)

The RZ terms al l cance l .

The R t e rm i s :

- Rv
I 2

[v
l

(C
ll

+ C
21

) + v
2

(C
I 2

+ C
22

) ] • - Rv
I 2

[v
1(v l

- ;; A ) + v
2

(v
2
- ;; A)]

• - RV
I 2(l

- A);; •

At A-I, t he R t erm i s als o ze r o .

Thus

162

c h(l ) I
- ",

I VI -v - ma l

- '"

• • •. .
o{tt 1(;'2 - ;;)

.- (VI - ;;)(v
2

- ;;) - + a Z(wl
- ;;»)

6 • • 6 . . •
where ttl - PZ(v1wll + wI) - P3v ZwI Z' c 2 - P

3(vZvZZ
+ w

Z) - PZvIw l Z •

The identi ties
• . .

WI - W- vZ(w
l

- w
Z)

, and Wz - w. - vI(w
I

- wZ),

give

ch(l)
.

- - (v
I

- - (v
I

'" Z '" '"
- wZ) vIvZ

2' •
-vZ) v 1vZ

. . .
-m(v i - v2 )(vf 2 - Vitti ) •

'" '" '" '"
- 2lI(v l - v2) (P3 v2v2 - P2vl vl ) •

Us i ng one o f the e quilibrium ident i t ies,

; ~z • vZwZ (1 - m) + m(PZwl v l + P4wZvZ) '

which give s

-



THE EVO L UT IO N OF TRANSF ORMATI ONS 16 3

we obt ain

In t he gene ra l ca se whe re there 1s an equilibrium fitnes s load,

•
meaning the equilibrium v 1s mutation dependent, then wi ~ w

2
' thus

eh(!) > O.

The de r i va t i ve of the characteris tic polynomial is:

... .. .. ...
w1- ; + w2-w + a( P2( vlw1 2-vlwll-wl )

Therefor e

aeh(~ )
a~

Now,
\

> 0
~ -l

V R iff a t A- I .

. . .
+ P3( v2wI 2- v2w22 .... 2»)

. .. .•
a nd

give

e ll+c22 - ~P2~ I(~1 (v2wI 2....1) -v1v2wll) + P3~£ ~z<~lw I 2~2) - ~ 1~2w22)l
v

1v 2

The equilibrium identities

Therefore , since

eh(l ) > 0, a eh o. ) l-l > 0 ,
a~

no e igenvalues are great e r than o r equa l t o 1. Since J D 1s 000-
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negat ive , by the Per ron- Frobenius theorem we kno w t hat p(JD) < 1 Y R .

Thus we have:

RESULT 3.20 :

The viability-analogous, t ensor-product modifier polymorphism has

l ocal inte rior s tabi li ty f or a mutation modifier having maximal

overdominance , with two a l leles at t he s elected locus .

1 . 2e. RECOMBI NATION MODIFIERS.

1 64

He re . there wi l l be 2 l oci under sel e ct ion, each with 2 a lleles .

whose recOmbi nat i on r ate 1s cont r ol led by a t hird, modi f ier locus , not

be t ween t he 2 selected loci. The exis tence a nd stabili ty of a vi abi l ity

analogous-random association equilibria f or this mode l was wor ked out by

Feldman a nd Balkau ( 19 73) for t he Lewontln-Kojlma a nd Wr i ght s ymme t r i c

viability regimes. and fo r 2 modifier alleles with symmetri c

parameters. Here I analyze the s tabi l i t y for general viability

selection, and maximal over dominance at an arbitrary number of modifier

alle les.

The four hap l otypes a t t he s el ec ted l oci ,

AlBI ' A1B2 ' A2B 1 ' A2B2

will be indexed 1, 2, 3, 4, respectively. The matrix P represents the

probabilities, given that a crossover occur s , that each haplotype i s

produced . The modifier l ocus, H, wil l be positioned with A between

it and B There f ore, with no r e combination be tween M and A, a

wi ll always come out MaAi
with poss ible change
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at B . It will be assumed that there 1s no interference 1n

recombination among the three loci .

Using the form "'ij for t he f1tneases of selected genotypes

1 65

1.j - 1,2.3 ,4 • matrices PO and PD have the form:

w PO • Vi"'11 + v3"'13 v1"'12 + v
3

w
32 0 0

• •
v2"'21 + v

4
w

14
v

2
w

22
+ v

4
w

24 0 0
•

0 0 v i"'1 ) + v3w33
v

1
w

14
+ v

3
w

34

0 0 v
2
w

23
+ v

4
w

43
v

1
w

24
+ v

4
w

44

- - •
w PD - VI"'11 + v2"'12 0 v i "'13 + v

1
w

23 0
• •

0 v
1
w

12 + v
2
w

22 0 v
1
w14 + v1w24

• •
v3w

13 + v4"'14 0 v
3

w
33

+ v
4

w
43 0

• •
0 v

3
w

23
+ v

4
w

24 0 v
3
w

34
+ v

4
w

44

Th,is yields

(P - I + P -
-I

1 •
Q)D - ( I) (v

4
w

14
-I

Since JD • ( (I - R)I + RQ + ..*(P - I + P - Q) ) . we have
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c h(>') - de t (J D - Al) '\. de t I k) -

1 6 6

• •
Rv1wll - mV4" 14 RV 1"1 2 + mV3"23 RV1"13 + mv1w23 Rv

1
w

14
- mv

1w14.
+ wI (l -R)- >.w

• •
Rv

2
w

12
+ mv

4
w

14 Rv1"22 - mV3"2 3 Rv
2
w

23 - mV1"23 Rv1"24 + mV1"14. •
+ w2(l - R) - >. w

• •
Rv

3
w

13 + mV4" 14 Rv3"23 - lIv3"2 3 Rv3w33
- mv1w

23
Rv

3
w

34
+ mv

1w14
•

+ w
3
(l -R)- >.W

• •
RV4"1 4 - mV4" 14 RV4"24 + mV3" 23 RV4"44 + mV1"23 RV4"44 + mV1" 14.

+ "4(l - R) ... ;

nte determinant ope rat ions used by Feldman et 81. (1980) f or the

lni t i a l increas e analysis of recombination modi fiers are again

appropriate f or the interi or stability ana l ysIs.

The following elementary determinant ope rat i ons were pe r fo rmed on

det(k ) :

• 11 ) k
1 j - roo- ki j

Y 1 , j .
v

j

• 4
2) k I j - l: k

1 j
V I .

I -I

• 4
3) k

14
• l: k

1 j
VI.

j -1

• •
4 ) k

2j - k 2j + k 4j•
k

3j - k 3j + k 4j
V j •
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Define n -

nt is yields

.
wn ch(l.) -

• • •
(l-I. )W

• • . • . . . •
Rvl( v2w12+v4w14) Rv2(v2w22+v3w23) Rv3(v2w23+v4w34 ) v2w2+V4w4~w<v2+ v4 ). . .

+ v2(w2(l -R) ... w)

. • • . . ..
Rv l(v3w13+v4w14) Rv2(v3w23+v4w24) Rv3(v3w33+v4w34) v3w3+v4w4~ We. V3+V4). . .

+ v3(w3(l-R) ... w)

• • . . . . • ...
(R- m) v1v4w14 RV 2v4w24+mv2v3w23 RV3v4v34+mv2v3w2 3 v4w4 -2md ... wv4

The equilibrium identity,

yie lds
•

1('

- ; )v
4

- II! d

Substituting 1n t he above identitie s , and defining 8 - (l - ), )w.
this gives
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n wch()').

16 8

md + 6 -md+6 -md+ 6 6

Rv
1

(v
2
w

12
+ v

4
w

14) Rv2(v
2
w

22
+ v

3
w

23)
Rv

3
(v

2
w

23+
v

4
w

34) (v
2
+ v

4
)fl

- md + 8 - Rv
2

w
2

Rv 1(v3w13+ v4w14) Rv2(v3w23+ v4w24) Rv
3

( v
3
w

33
+ v4w

34
) (v

3+
v

4
)3

- md + 8 - Rv
3

w
3

(R - m)v1v4w14 Rv 2v4w24 + mv
2v3

w
23 Rv3v4w34+ mv2v3

w
23 - md + 8

(supers cripts dropped ) .

At R - O. A- I , we obta i n

1 .. .. K'
ch(J ) • • . m d - m d - m d 0

v
1v2v3v4w ..

0 - m d 0 0

K'
0 0 - m d 0.. • .. • ..
- m v1v4w14 0 m v2v3

w23 - m d

•
.. 4

- ( m d )
•.. .... ... < o •

When v i s •m dependent , that is, when ther e i s an equi l i br i um

marginal fitness load f or the four s e l ect ed haplotypes. then ther e i s

linkage disequilibrium. s o d '# O. Therefore p (JD) > O. gi vi ng thi s

result :
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RESULT 3.21:

The V.A .T. P. equilibrium f or a r e combination modif ier I s i nternal ly

uns tabl e , f or two selected l oc i with t wo alleles, with one of the

select ed l oci tight l y l inked t o a maximal l y overdominant modi f ier locus .

This 1s the s ame result 8S f or the ca ses in Feldman and Balka u

( 1973) , extended t o multiple modifier alleles and arbitrary s election

regime, but restricted to a maximally ove r doml nant modifier locus.

I do not have results for in the general cas e for what happens t o

t he population af te r i t diverges away from an unstable V.A.T.P .

equilibrium. However. we know that each modifier a l lele 1s prot ected by

vi r tue of it s maximal ove r dominance, 8S long as there 1s a marginal

fi tnes s load 1n the popu la t ion. The r e f ore , I woul d guess tha t the

populat ion settles on so me high complemen ta r i ty equilibr i um comparable

t o those f ound i n Fe l dman and Balkau (1 973) .

From the result of these two s tabi l i ty analyses, it is apparent

that the interior stability of a viability-analogous . tens or product

equi l i brium depends upon the nature o f the transformation occur r i ng.

This i s the fir st r esult derived here in which the form of the

trans f ormation plays a r ole.
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1.3. AN EXAMPLE OF TRANSFORMATION ACTING ON

THE TRANSFORMATION TYFE :

MODIFI ERS OF SEGREGATI ON DISTORTI ON

17 0

Previous treatments of modifiers of segregation di stort i on have

cons idered t hem t o be modifier s of selection pa ramet e rs (Kar l i n and

McGr e gor, 1974). therefore coming under direct selection (Feldman and

Krakauer. 1976). However, it 1s clear from the di chotomization of

select ion and transformation empl oyed here that s eg rega t ion di stortion

is ac t ua l ly a f orm of transformation. It may be due t o se lect ion at the

gamete l evel , bu t a s long as it does not affect an individual's f i t ness ,

that is, the number of of f spring In the next gene ra t ion t o whos e

ge not ype that individua l co nt r i but es , it wil l be purely a fo rm of

tran 6formatlon , affecting onl y the content of a n individual' s

reproductive ou t put . It can be seen that there is no intrinsic

s elect ion acting on a modi f i e r o f segregation distortion since , when it

i s in linkage equilibrium with the s e lect ed distorting l ocus, the

frequencies of its allele s will not change. It ca n evolve only through

hitchhiking. What is unique about s eg rega t i on distortion i s that when a

modi f ie r i s linked to a distorting l ocus, it t oo will be distorted, a

form of transformation, whi ch is a situation I have excluded from the

ana l ys is up till now.

Her e I consider a .odel where segration distortion is the only

transformation acting on the selected and modifier loc i, and t he

modifier locus co nt r ols this s egrega t ion di stortion. It 1s an e xtens ion

t o mult i pl e alle l e s of the mode l of Prout et a 1. (197 3), treated als o by

Hartl (1975 ), Thomson and Feldman (1976) , a nd Liberman (1976) .
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The transformation matrix f or segregation distortion takes the f orm

I s twice the fraction of gamete s from genotype

Let us use a s i mp l e r notation f or this~

f or j -i

f or jIl= 1

'rat + a1
bk
o{-~+ai

bk

that ar e o f haplotype HaA!

where

~~ ~ ~~ +01 •

Again I as s ume no position effect of the modifler 9 80

~i •
aj

Moreove r I

and 2

Segregation di stortion I s occurring when T
a i • 1b j •

If there Is i nt e r fe rence between the segregation distortion and

recombination between the modifier and selected l oci . then a se cond

s e g regat ion distortio n mat r i x , T mus t be spe cifie d .

The re cursion Is

VIABILITY-ANALOGOUS, TENSOR PROOUCT EQUILIBRIA

The viability-analogous, tensor-product e qui l i br i um can be

described f or this case 8 8 before, with an Interesting result. Suppose

that the population Is fixed on s modifier yielding * -*T and T for

s egregat i on distortion matrices, and that the population has reach ed an

e qui libr ium under s election snd segrega t i on dis t ortion. The n

1
• W-g *i
v - (I-R)T-

j - jw

- *i
+ RT j ) .
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In t he absence of i nterference, t his yield s

A 1 *1 e,
I vj"jT} - W
j

y 1 •

Define the values ' 1 •

t r ansmis s i on values M fo r the

1 *1I vj"j T j to be
j

s e l ected alleles .

t he "m.a r gi na l

The y f o rm a ne w set of

marginal values fo r each of t he a l l ele s which , f or t hos e al leles

present, must all be eq ua l to the mean fit ness at any equilibrium.

The equil i brium margi nal f l t nesses of t he selected alleles a r e

given by

W -1

The marginal fltnes s es of the se lected a l l ele s wil l have a varia nce

at equi l ibrium unles s t he marginal amoun t of segregation distortion

ac t i ng on each of them I s zero:

... 1 *1I Vj"j(T} - I) • 0
j

y 1 •

We see that at a ny polymorphism, alleles with a s egregation

advantage have 8 fitnes s disadvantage, and allele s with a fitnes s

advantage have 8 se gregation disadvantage. An y allele have both

advantages would be fixed.

Consider now where the modifier 1s polymorphic. and in linkage

equi librium with the sel ect e d loci. 80 that

•

The r ecursion is now

z •
a1

•
x v1Ia j

- 1
• RTa} )



THE EVO LUTION OF TRANS F O R MA T I O N S

where

173

. I
Ta-

j -L "b~!
b j

and
. I
Ta- -

j

are the marginal transformations f or each modifier allele Ha• If the

marginal transformations are all equal to T* -.and T

.. 1 *1
Ta- - T-

j j

then the population i s at an

- 1 - *1
and Taj . T I
equilibri um,. .

Y a t 1 , j

z - x v • za Ial a 1

INITIAL INCREASE OF A NEW MOOI FI ER ALLELE

The recursion on the frequency of a new modifier a l l e l e introduced

at a polymorphic equilibrium I s

• (1 D E ·
a

((I -R)Y + RY) DEa a-

whe r e

Y 6_
a dIa" and 6

\ " 1 ,j ,

and D Is def i ned as bef ore .

a . A MOOIFIER ALLELE ELIMINATING SEGREGATION DISTORTION

1£ the new modifier allele e l i minat e s segregation di s t ort i on at the

selected locus, then the i ni t i a l increase recursion i s identical t o that

f or the Theorem 3 .5
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where Q i s defined a s before. The previous r e sult then holds:

RESULT 3. 22 :

When there i s a variance 1n the equilibrium marginal fitnesses, an

allele eliminating segregation distortion will always increase when

introduced into the popu lation, whether linked or not to the s e l e ct ed

l ocus.

b. A TIGHTLY LINKED MODIFIER LOCUS

For the case where the new modifier allele has a less extreme

effect on the segregation distortion, I will assume that the modifier 1s

tightly linked to the se l ect ed l ocus, for tractability, and will assume

that the modi f i e r 1s monomor phi c , because f or t i ght linkage, the

viab ility-analogou s , t ensor-product equi l i br i um ma y not ge ne ra l ly be

s t a bl e , 88 shown 1n Thomson and Feldman ( 1976) . a nd I do not hav e

results f or the introduction at other polymorphi c equi l i br i a . The

recursion on a new modifier is now

I 7 4

e - d18g(L
j

where T i
8j

allele Ma

a re the marginal t ransf ormation values for the new modifier

•
t and ' a i are the marginal traosmi88ion values for the

selected a l l e l es in coupling with the new modifier a l l e l e . Notice now

that

.. ... L 1'" 1" e,- L V 1Vj - j ( 2-T ! + 2-(2-T 1») • w + D •
1 j 8 j "1
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Therefore, if
•

var(" 1) > 0 t

1 •
t hen fo r some 1

1 •r ' 1 > 1 •- aw
80 haplotype MaA t increases when introduced. There f ore:

1 7 5

RESULT 3.23,

Un l ess , -
a1

e,
w f or all 1, the new modifier allele wi l l be a bl e

t o increase 1n t he population when introduced.

Thi s means t hat a new modifi er making any change 1n t he ma r gina l

t r ansmiss ion value s of the s e l ect ed alle l es (which at e qui librium a l l

equa l the mean fi t nes s ) will a l low the modifier t o increa s e. The new

modifier cannot be exluded , at l east a t a geometric rate . Thi s result

is that obtai ne d by Uberman (l 976 ) .

What produces this r esult Is that t he new modifier a llele a lways

becomes associated with the select ed a l l e l e whose segregati on ratio i t

improve s on the aver age . Therefore, a new modifie r that reduce s the

overa l l amount s of s egregation distortion increases by associating wi t h

fit t er a l l eles , which have a segregat ion disadvantage. A modi fier

allele that raises the overall rates of segregation distortion increas e s

by associating with alleles having a segregation advantage . which are

l e s s fit .

Because s eg r ega t ion distortion a cts on the modif i er l ocus itself,

whi ch cons t i t utes a f orm of transformation acting on the transformati on

t ype , the evolutionary behavior of the modifie r i s completely c hanged.

In the abs ence of s egregat i on distortion , the previ ous r esul ts showed
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that the i nduce d selecti on on a new modifier allele Is a t most a lgebr aic

when it I s i nt r oduced a t an equilibrium with no va riance In the marginal

fitne ases of the selected haplotypes. For a modifier of segregation

di stortion , however , the equilibrium variance In the margi na l fltnes s es

of the s e l e cted alle les Is irrelevant . All t ha t Is r elevant I s t he

change I n the marginal transmission va l ues of the s e l ected alle l es .

Recent work by Rehe l ( per so na l communica t ion) has shown that f or

unlinked modifiers of s eg r egat ion di s t or t i on, when modi fier alleles

causing segregat i on distortion a re i ntroduced to a populat i on a t

e quilibr i um without segrega t ion dis t ort i on . they cannot increase.

Though I obtain no analyt i cal results here fo r the general case of

unlinked modifiers. it i s interesting t o note that . when there i s..!!.£.

interference between recombination with the modifier and the amount of

I 7 6

s egregation di stortion of t he selected locus . then a t

n. - ! (Y + Y )2 . a

R _ I
2

is stochas t ic . since

because

- I

•

- ~ -•

¥ a ,b,i ,j

I •

distortion evolves .

It aay be when t he ma t r i x i s s t ochastic that decreased segregation

However, i f there is interference, then 11 will
- a

not be stochastic . and it i s unknown wha t outcome will result in this

case.

Hol singer (personal communi cation) has obtained r esults f or

modi f ier s of selfing rates in a model f or plants that a r e sugge st ivel y

r eminis cent of the resul ts for modi fiers of s egregat ion distort i on. In

the model with mixed s el f i ng and random mating , selfe d plant s s t i l l
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contr i bute t o the pollen pool. Bolsinger ha s poi nted ou t that the

situation where selfing plant s still contribute t o the pollen pool

cons t i t utes a form of Mt ransmission distortion ". There are some r ange s

on selection values, r ecombinat i on va l ues , and selfing rates wher e a new

modi fier maki ng any change In the s el t i ng rat e wi l l incre as e whe n

introduced, a result just like that for segr ega t ion di stortion

modi f iers .

Further analogy between the behavi or of this model and t hat of

segregation dis t ortion model s I s seen In cases t ested numerically wher e

the fltnes ses of the two se l ected homoz ygotes a re different . When a

selling-ra t e r ed ucing modif i e r alle le I s i ntroduced, i t i ncreases I n

association with t he allele havi ng the less fit homozygote . When a

selfing- ra te increasing modifie r a l l e le i s introduce d, it inc r eas e s i n

associa t ion with the a l lele havi ng the f i t te r homozygot e . In t he fo rme r

case. outcross ing appears with the alle l e having most t o gain by being

hete rozygous; i n the lat ter case . se lfing a ppea r s wi th the allele

having t he least t o lose by bei ng homozygous . Thus. the ne w modifie r

a l l e l e has a "choi ce" like t he modifi er of segregation dis tortion

associa ting with t he fi t te r allele s or t he a lleles with segregation

a dvantage. The behavi or of thi s sys tem may ther e f ore be f undamenta l l y

analogous t o that of systems with s egregation distortion.

Mode ls of modifiers of other trans f ormation processes such 8S

mut a tion or recombinati on should a lso be explored when t he re i s

s egregation distortion occur r ing. Thomson a nd Feldman (1 974) ha ve

exami ned one such mode l . a modifie r of re combinat i on between a selected

locus undergoing s egregat i on di storti on and a not he r locus modifying that

distortion . I n some cases . it is found that a new recombina t ion
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modi fi er a llele ca us i ng any change in t he amount of r ecombination wil l

increase when introduced.

These few example s ugges t the f ollowing conjecture:

CONJECTURE 3.24: A FRINCIFLE FOR MODIFIERS UNDER TRANSMISSION

DISTORTION:
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Whenever t he exterior s t abi lity of a sele ct i on- t r ans f or mati on

equilibrium I s uns t abl e t o t he introduction of any new modifier

allele that causes any change 1n t ransformation. then some form

of t ransmission distortion must be occur r i ng f or the modifier

locus .

II . MIGRATION MODIFIERS

In this section I analyze the evolution of a modifier gene 1n a

diploid organism t hat controls a trans f or mati on outside of t he

genotype: the pr obabilitie s of individuals migrating between d i f f erent

demes. In t he f ollowing models. a locus that 1s under se l ec t i on will

also be included and t he selection r egi me may differ be t ween di f f e r ent

demes . Thes e mode l s dif f ers f rom t he pr evious ones i n that 1n addi t ion

to t he se lected genotype, l ocat i on i s now part of the selected t ype , and

mating is not panmictic ove r the whole population, bu t restricted t o

be ing within de mes. The onl y transformat ion that wil l be occur ring 1s
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change In l ocation; the selected locus will be transmitted

faithfully. In the models de alt with here. mating will always be within

8 deme . The life cycle cons i s t s of seve ra l s tages : migration ,

sel e ct ion, mating and r eproduction. These mode l will gene ralize t o

multiple demes and multiple a l l e l es the model s of Balkau and Feldman

(1973), Ka rlin and McGregor (1974), Teague (1977), and Asmus sen

( 1983 ) . In addition, the y include mixt ur e s of haploid and diploid

det e rmination of both mi gration and select i on.

11.1 . DERIVATION OF THE MODELS

In de veloping the models we must define the following:

Of 1s the initial size of deme f .

1s the s i ze o f deme f after s election.

1s the size of deme f after mi gr a t ion.

1s the size of deme f after recruitment.

g a1 is the frequency of diploid
HaAi in deeegenotype '\A

j
e •

"bJ a1
(If a1 #- bj. then actual frequency 1s 2ge b j

) .

Note that L g ai - I Y e
aibj

e
b j

I 7 9
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g 0 1

"Dr
supersc r ipted by s. m. or x is t he fre quenc y of t he

genotype after s elect i on, migr a tion, or mat ing, r espective l y .

1w -
ej

Is t he fitness of genotype in deee e

How each proce s s In the life cycle -- s e l e ct ion. migr ation, and

mating -- will change t he values of De a nd

fo l lows:

g al a re de r ived as
"bf

SELECTION:

sg a1 ­
e

bj

1w-
g 01~

e - -
b j w

e

Where t he average fi tness of the i ndividuals I n deme e Is

w
e - r

aibj

1
g a1 W -j •e

b j
e

The only r ol e of Is thi s model I s t o determi ne the r elative

cont r i but ion of e a ch deme to the migrant pool. If se lect ion does not

a f f ec t the s ize of a deme but act s onl y t o determine which genotypes

survive, this I s 80ft sel e ct ion a nd can be modeled by assumi ng De

after selection I s a f ixed property of each deme. I f se lect ion act s on

each indi vidual i nde penden t ly of t he o thers in its deme, thi s is hard

selection. and t he contribution of the deme t o the migr an t poo l will be

s caled by t he .ean f itnes s of t he individua ls in t he deme. Thus :

n S _ {

e

n w
e e

n
e

ha rd sel ection

sof t se lect ion
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The mode ls of Balkau an d Feldman (197 3), Karlin an d McGregor (197 4)

an d Asmussen (1983) have hard s e lect i on , while the model of Teague

(1977) has so f t selection .

For organisms with an independent haploid phase In the l i fe cycle,

the haploids can come unde r selection. This s i t uation wi ll be des cr i bed

In detail la t er . in the model of haploid mi gration.

2. MI GRATION:

Two cases of migration wi l l be distinguished, di pl oid migration ,

and a "sea urchin model " of haploid migration.

1) DI PLOID MIGRATION

When the diploid individual s move from one deme t o a nother, after

migration,

m 1 "g al - - L
e b j om f

e

Is tbe probability that an individual o f modifi er

will end up in deme e given it Is In deme f. and

where * + e

genotype Ha
'1,

om
e • r

aibjf

the size of the migrant pool plus remaining r esidents 1n deme e after

migration.

2) HAPLOID MIGRATION

In a "sea urchin " model of haploid m.igration, it is the game t e s
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t ha t disperse and fo rm pools i n each new deme which wil l unite t o f orm

the new diploids .

Define

z
eai

t o be the f requency of haplotype "aAt I n de me e .

Then after dispers al.
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m
z -ea1

a
T~ +e •

possibly

If t he di spers al depends only on t he hapl otype ' s own modi fier

allele, then

- r!f + e V be 'c • •

~f + e'l- T::f +e •

I f the d i spersal depends on some co mbi na tion of haplotype a nd

parental ~lfler genotypes . then possibly

RECRUITMENT

~f + e • + e and

After migr a t i on. " r ecr ui t ment" will occur. where the migr ants a nd

re s idents become established in the deme . As des cribed i n Chapter 2, I f

the deme size af t e r recruitment 18 proportional to the numbe r of

individuals arriving through migration and those remaining . this will be

cal l ed "har d recruitment". and if the size of t he ' population after

recruitment is a constant property of the deme, thi s will be called

"s of t recruitment" . Thus

no" . { ha r d r e cru itment

soft recruitment



THE EVOLUTION OF TRANSFORMATIONS

Soft recruitment would be expected for organisms such as intertidal

barnacles, where high larval densities saturate bare sections of rock

with new recruits.

In the case of hard recruitment and hard selection, the deme s i ze

itself can evolve 8S well as the gene frequencies in the population.

Some models of migration, for example those of Matro (1982),

consider selective forces acting during the process of migration

itself. Within the formal framework developed here, where selection is

a function only of type and not its history of transformation, the fact

of being a migrant must be included as a part of ones type. Hotro's

models involve the extra steps of selection on migrants, then erasure of

the migrant's history once it is established in its new deme. The

models here will not include these extra steps .

3. REPRODUCTION:

In the diploid migration model, diploids will mate randomly and

produce offspring through segregation and syngamf. For the haploid

migration model, the haplotypes in the pools in each deme will undergo

syngamy randomly with the respect to the modifier alleles. but allowing

non-random union with respect to selected haplotype. The only

reproductive transformation allowed will be recombination between the

modifier and selected loci.

183
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After synga my. for the s exua l dipl oid mode l we have

18 4

xg a1 •
e

bj
( (l - R) ~

ok
g a1 +eck

- R) ~
ok
g~ + R ~ gebk)

ck ck cj

Define the hapl otype f requencies A
' ed - lbj Then

~ g ai +
ck eck

g ak t

"Ci
s o

Thus Hardy-Wei nbe rg pro por t ions obtain .

Define t he va l ues f i t o incor porate any non- random uni on of
"3

game t es. yielding for the hapl o i d migration model:

f i
x , Jg a1 - ,

eai"bJ e bj -f
e

where f - l: ,
Zebj f i

e aibj eai J

LIFE CYCLES COMPOSED OF THESE FROCESSES :

These phas es of the life cycle can be composed I n tvo di f f e rent

orde rs : se l ect ion . migration, reproduction, or migration. s election.

reproduction. The s e two sequences have very different analyt i ca l
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propert i es. The second Is generally int ractable withi n the me t hods I

have used t hus f ar . a nd wi ll not be presented here. Previous models of

migra t ion modif i e rs ( Balkau and Feldman. 1973; Karli n and McGregor .

1974: Teague , 1976; Asmus sen, 1983) a l l analyze the first sequence

o r de r .

I will consider the fo l lowing l i f e cycles :

1 8 5

1) "Adult Dispersal" : diploid sel ec t i on . diploid migration. r andom

mat ing, Mendeli an r eproduction .

2) " Game t e Dispersal " : diploid se lection, game t e producti on , gamete

migration, syngamy .

In each case , the ce ns us ing occur s right af ter r e cruitment .

1) Adu l t Dispersal:

Random mating and the absence of f e r t ili ty s e lect ion allows the

recursions to be written In t erms of the haplotype f r equencies:

z
.a1

• L, r
nm bjf

e

+.
mn hard recruitment

n" • { e
e n sof t recruitment •

e

(3 .25)

where n
m

• I Z
e chdkf feb

c
T~ +e

and

·r z z ,,1
a bjk . a j f bk fj

hard sel ect ion

s of t selection.
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2) Gamete Dispersal. Sea Urchin Model:

The recursion I s the same as f or the Adult Di spersal Hodel , except
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that T~f+e I s allowed the asymmetries dis cus sed earlier. Mor eover,

ga mete se lect ion or non-random union may enter without altering the form

of the recursion.

Consider a l i f e cycle cons i s t i ng of:

1) gamete select ion phase I.

2) s yngamy . pos sibly non-random with respect t o the s e lect ed l oci.

3) diploid selection.

4) recombination and Mendel ian s egregation ,

5) gamete selection phase 2. and

6) migration.

The f itnesses f or each selection phase a r e 8 S f ollows :

(1)
fit ness of gamete haplotype Ai in deme f . t pha s e 1 .sft -

1 t he s calar biasing the f requency of accor di ngt fT • new zygo t es to

selection-type in deme f , due to non- r andom syngamy .

1 f itnes s of diploi d se lec t ed genotype
Ai

in deme f .sfT • A
j

.(2) - fitness of ga me te hap l otype M1 in deme f at phase 2,ft

after meiosis .

The recursion is:

where Sf is the a ppr opr i a t e normalizer .
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Def i ne the lumped fitne s s values

i Aw- -
tj

( 2) (1) (1) i i
Su Su Stj ttY StY·

Thes e need not be symmetri c, allowing

The recursion becomes

nm t~/ ZtaiZtbj (l-R) + Zfa jZtbiR)
e

1--Z
eai

where w
f

- sf ' which again I s of the same form as (3 .2 5), with the

possible asymmetrie s

and Tbft-e •
S

The haploid model of Balkau and Feldman ( 197 3) i s a special case o f

this where

S(l) i i
1 y f ,i.j snd

U - tty - StY -

S A
T f + e y 8 , b , f , eT-f +e - .

b S

In each of these cas es, the recursions can be defined 1n t erms of

haplotypes because there Is no fertility s e l e c t i on or non-random mating

occuring at the level of diploid pairs, 80 the segregation-syngamy

t ransformation decomposes.

The re sults for thes e models paralle l the result s f or modifiers of

intragenomic transformation. Viability-analogous . t ensor pr oduct

modifier polymorphisms can exist (Fe l dman and Krakauer. 1976) . be caus e
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migration still enters as a linear transformation. "Tensor product" in

this case means that the modifier allele frequencies are the same among

the selected haplotypes, and also among the demes, because the deme is

also a part of an individual's type.

The initial increase behavior of a new migration modifying allele

also parallels the results for modifiers of intra-genomic

transformation.

11.2. VIABILITY-ANALOGOUS. TENSOR PRODUCT EQUILIBRIA

It will be shown here how tensor product frequencies can be

equilibria for the two life cycles.

Define xa to be the frequency of modifier allele Ma, and Vet

1 B B

to be the frequency of selected haplotype Ai in deme e At a tensor

product value of frequencies, the frequency of haplotype MaA! In

deme e will be

•

or in vector form

where x is the vector of modifier allele frequencies. and v is the

vector of the selected haplotype frequencies in the demes. The

frequencies of the selected haplotypes may differ between different

demes.

Substitution 1n recursion

z ~

e.i

(3.25) yields
w

_1_ x l: n Sv ...!!. T
n

e
m a f f fi Wf af + e
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where

n m _ r n ax T
e f a f a e f + e

Ta f +e ~ r xbT~f -s e
b

are the marginal migration probab i l i t i e s for modifier a l lel e s Ma , and

Wfi ~ L vfjwf !
j j

a r e t he margina l fi t nesses of selected hapl otypes Ai i n deme e
•

Suppose t hat the population would be a t an equilibr ium, v , when

189

fi xed on a modifier allele yi el di ng migration mat rix

•

•T • Thu s

v -01

•
Then a modifier polymorphism z - x • v will be an equilibrium

•
if the modifier allele frequencies x are such t hat

•
T - Taf+e i.e

for each modifier allele Ha

II.3. BALANCED MIXTURE MODIFIER POLYlIORPHI SMS

In diploids, the only situation in which general conditions for

"ba l anced mixture" modifier polymorphlsms can be obtained are where the

genotypic £ltne88es a r e equa l, i n addi t ion to there being no fi tness

load a t equl1brlum. In t his case , (3 .25) at eq ui librium yi e l ds

where

z • T z
-a a - a •
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.. 1 I i.j , and "b - L Zfbj'
f j

The s i t ua t ion of Interest Is where frequency dependent selection

would yi eld 8 g lobal l y stable eq uilibri um v of s elected haplotype

frequencie s among the demes in the absence of a modifie r polymorphism.

The r esult, di s cussed In Section 3.(2) Is t ha t t he normali zed f orms of

the e igenvector s z o f t he marginal migrat i on ma t r ices o f ea ch modifier
-a

•
a l lele mus t comprise a convex hull containi ng v f or the equ ilibrium t o

exis t . However. ther e a r e added constraints . Bot h Ta an d v depend

on the frequency of the modifier alleles. s o whether the hull of Ta

wi l l be sufficient to include the equilibrium is not r eadily known.

11.4. EVOLUTION OF THE MOOIFIE R LOCUS

In this section. the ini t ial i ncr ea se behavior of a new modif i er

allele under recursion (3.25 ) . whi ch applie s to both the "Adult

Dispersal " and "Haploid Dispersal " models. Each of the results derived

f or modifier s of intragenomic transformation will be shown to hol d for

modifiers o f migration.

THE FI TNESS LOAD

The conce pt of a fi tness l oad in the case of subdivided populations

we must cons i de r not only the maximally fit genotype but als o the

maximal ly "f i t" deme. that i s. the de me with the largest bias in

cont r i bu t i ng t o the next generation. Conside r a population at

e qui librium in the ab s en ce of migration. We obtai n
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and

This gives

v -.1
_ 1 I
nm j
e

.- .
n • n• •

w 1
J 's
• n- .w

e

- 1 for all e , i .

The fitness load will be defined as

L ~
n ·w

eax ( • e1 ) _ 1 •
m -el n w• •

In the absence of migration. then, L - o . If migration i s

occurring, then a t an equilibrium where the maximum probabil i t y of

migration for each individual in each deme Is a • the fitness load will

be bounded above by

a
L < l~ •

THEOREM 3.25:

If t he re Is any va riance at equilibrium In
m ­

n w• •
(over e and 1), which requires migration be occurring . then the

equilibrium fitness load will be greater thsn z ero, that Is, there wi l l

exist e. and 1 such t ha t

m ­
n w• •
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Proof .

Suppose t o the cont r a r y that

s
n v. I• < 1 Y e,t ( , dropped) .s

m
n v• •

Since
• • • •
v "1 v

e1we 1
snd 'i v. I " I ,•
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we know f or each

Therefore,

e , there exists an

s
n•

I such t hat

Y• •

•
v ••

But

f »e "

So this would yield

t hus

s
n• Ye.

•

But this requires
v
... ei < 1

v•
Ve .1.

gi vi ng fina lly,

" v• \Ie .l ,

m
n v••

contrary t o there being some va r i ance In •
m ­

n v• •

and t he o ther due to

We see here that

fitness load. one due

"variance in C- ii)

v.

t here a re two possible sources for tbe
n s

to variance In (....!...-) t

nm
•

equil ibrium



T HE EVOLUTI ON OF TRANSF ORMATI ONS

In the case of hard selection and hard re cruitment ,

193

he nce

0-
OS _ n w and
• • • 0. -

' m
n ,•

L • aax(w
e i)

•
• ,1

So the marginal fi t nesses o f the selected hapl otypes mu s t vary between

haplotypes or be t ween demes .

When there I s sof t selection or 80f t recruitment, then e ven when

the selective regimes on the selected l ocus are identical In ea ch deme,

i t i s possible that the migration flux a lone ca n induce a fitness l oad.

In t his case .

• nd

o·
L - max (JiJ

• 0 •

wher e
-

In vector f orm thi s I s

" b-r x x T- f e e
be b e e

.. - ... 8om _ Tn.

For the fitnes s l oad to be zero, om. 08 must be a l eading

e igenve cto r of T . Ye t under soft selection or 8 0 ft recr ui tment , 0 8

or om wil l be fi xed p r operties independent of the migration

dis t r i but ion , and 8 0 they will not I n genera l be e igenvectors of the

migra t ion matr i x, a nd the fi tness load will be positive.

THE INITIAL INCREASE BEHAVI OR OF A NEWLY INTRODUCED MOOIFIER ALLELE
,

Suppose the population I s at an eq ui l i br i um z a nd a new modifier

allele Ha i s i n t roduced.
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The recursion on the frequency of haplotypes bearing Ha 1 s

1 94

£01

RESULT 3 . 2 6 :

(3 .26)

A VAL UE CAN BE DERIVED FOR AN UPPER BOUND ON THE AMOUNT OF

MIGRATION A NEWLY INTRODUCED MODIFIER ALLELE ALLOWS THAT GUARANTEES IT

WILL INCREASE WHEN INTRODUCED INTO A POPULATION WITH A FITNESS LOAD AT

EQUILIBRI UM .

DERIVATION :

Define

-m - 1 -• min T~ + e
b

Thi s 1s the maxi mum probabilit y of migrating among any of t he

i ndi vi dua l s i n deme e bear i ng Ha •

Th. n
If'

ne wei
£'1> (I':;;' )(I -R) £.1 ·e - e m ­

n w••
Thus, 1f there exist s e and 1 such t hat

nlf'w - 1
( (I-R ) : ~ll

n w• • •

the haplotype MaS! will increase in deme e.

We know th8t 1f there Is any va r i ance In eIther

there will be s ome e and i su ch that

"e 8 Wei
-- or - - t hen..
n w• •



T HE EV OLUTI ON OF TRANSFORMATI ONS 19 5

os
e we i
II ­o v
e 0

> 1 •

Define

Therefore

• b
11- 1 -(

8 •
n w -1

o 01 )
lD8X •

II
ei n ­o v

e

- 1
1 - l+L

e
-!!. ), ­

01
0";;'0) o-!) .

I -II

•
If

•
R < m, and if o <';.0 < m-R1-R

,-
~ > 1
' 01

for some e ~ then

80 it 1s guaranteed tha t Ha incre as e s .

RESULT 3.27:

A MODIFIER ALLELE WHICH STOPS ALL MIGRATION WILL ALWAYS INCREASE

WHEN INTRODUCED TO A POPULATION WITH AN EQUILIBRIUM FITNESS LOAD, FOR

ANY LINKAGE TO THE SELECTED LOCUS .

The recursion on a newly introduced modi f i er a l l e l e Ha which

stops all migration in its bearers I s

I 8
_ _1 r

( (I -R) '01~Obj + R ' O j~Ob I)
v-o

&;1 oJ 0_

om bj
0 v

8 • 8 • 0
0 vol 0 v

I• (I -R) 0 + R 0 01 r
• e ei • weI E ej

m - m - j
0 v 0 w

0 0 0 0
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or i n vector form

.- - [ (I -R)I + RQ 1 D . • where
~ ~ ~e

(3 .27)

1 9 6

•
diag(. ) W

-e 0
Q~

e

s •
n w

o ~ diall o. eil
o m ­

n w
o 0

, and 6 iW -Iw -I
e ej 1, j .

This re cu rsion ha s the same f orm 8S t ha t for a modifier s stopping

intragenomic t rans f ormation In Theorem 3.5 . When applying the proof of

•

Theorem 3.5 , the

This is seen s ince

and

appropriate normalized eigenvector of
m

n
e

IJ 0 v ,where 1I - - -
ee-e en s

e

T
elJO v - l.
- 0 e--e

Q is

s
... we i ne. " ... e el e, m

w n
o 0

•

•

w
e

Thu.

>

..
r ' (no wei ) 2

u L • 1 •
e i 0 m -n w

e 0

s
n w i

- --!.... ( l+var(.-!-»)
m

n
e

The inequality depends on the value

in

As was shown before. if migration has induced an overa l l variance

• •
n w io 0

•
m -n w
e 0
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then either

197

1) there Is some deme e where n S > om or
e e'

2) n s _ om Yet and then In some deme e t
e e

•

w
e

There is always some deme, therefore, In which the migration

stopping allele can increase.

When there Is variance in the marginal fitnesses of the selected

alleles within in deme. then the selection on the modifier is always

non-increasing with looser linkage, as in the case of modifiers of

Intragenomic transformation, since Karlin (1982) Theorem 5.2 can again

be applied to (3 .27). If Q is irreducible, then the selection on the

modifier strictly decreases with looser linkage to the selected locus.

THE EXTERIOR STABILITY OF VIABILITY-ANALOGOUS, TENSOR PRODUCT EQUILIBRIA

Let the population be at a viability-analogous, tensor product

equilibrium

• • •
z· x • v

with marginal migration probabilities

• • b
Tf+ e - I x T-f+ e for all modifier alleles Mb•c c c

From (3.25), the recursion on a new modifier allele Ma introduced

to the population is

where

£ •
ei

(3 .28)

T 4. r
af +e L

b
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are the margina l migration probabil ities de t ermi ne d by t he new mod ifie r

allele.

Again I can analyze on ly t he case of tight linkage . Wi t h R - O.

(3.28) is

e .1 •
1 < • s

·-- L n fnm
f

e

W
f 1

- - T e
~ af+e £1
w

f

o r In vector f orm, l e t ting 1 and j i nde x the demes now, and h index

the selected hapl o t ype s.

-
where

T
a

This is a s lightly di ff e r e nt fo rm f rom t he pre vious cases fo r t he

mat r i x on t he Initial i nc rease of t he new modi fi er . but using the

gene ra l eigenvalue proper ty that

we see t hat we nee d t o know

From t he eq ui l ibr ium identit y on the V. A. T.P. equi l ibri um ,

where

v -- h

• s •

d1.i ~ T*d1. i nt.,.w1~ !h

"1 wi

* AT - i ,j .

Therefore , we know
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Thi s yields the f ol l owing:

RESULT 3.28:

1) The new modifier allele can change f requen cy at a ge omet ric rate,

that is. p( TaD
l
D

2
) '¢ 1 only i f there I s a n equilibri um fitnes s

l oad in the popu l ation, 80 that 01 D
2,.

I .

2) The spect r a l r adius f or the new mod i f ie r allele depends only on how

1 99

i t s marginal migration matrix

marginal migrati on matrix T*

Ta Is r elated t o t he equi librium

The resul t s of Theorem 3. 13 f or

l i near variation , and of Theorem 3.2b f or a f fine variation among

memorl1es s di stributions therefore apply directly.

(2) A MODEL FOR SELECTION ON SEXUAL REPRODUCTION

The evolution of sexua l r eproduction Is a long standing t opic of

evolutionary investigation. Although the effect of sex on gene t i c

variat i on has been the major reas on forwarded fo r the evolution of s e x ,

no modif ier models have been analyze d t o my kno wl edge that i nclude

geneti c var iation both f or selected traits and f o r the s exua l

reproduct i on itself. In the f ollowing . odel , s exual reproduction will

be treated as a form of transformation process under geneti c cont r o l .

The organsisms modeled here will have a life cycle like ChlaMfdomonas,

which r eproduce c lonal l y as haploid s or ca n fuse to make diploids, which

undergo meios is , r ecreating the hapl oid pha se. In this mode l , mitotic

r eplications be tween times of diploi dy will be l umped t oge ther,
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requiring the assumptions that the population changes phase

synchronously, and that the number of mitotic divisions has no effect .

Let zal represent the frequency of haploids with selected

haplotype ~ and modfler allele Ma, MaAt - The life cycle will

consist of the following:

1) Ind i vi dua l selection biases the frequencies of the haploids by the

scalar 8t-

2) Wit h probability I-ma the haploid will reproduce c lonal !y , without

transformation. and with probability as it will enter 8 pair-mating

pool.

3) In this pool . it pairs randomly with another haploid, HbSko

4) The fitness of the diploid genotype
Ai

f n- isA
j

5) The diploid then yields haploid progeny through a reproductive

transformation T . not affected by the modi fier. This reproductive

transformation would i nc l ude processes affecting the selected

haplotypes during the diploid pha se , such as recombination and gene

conversion. MOreover , if recombination oc curs be t ween the modi fie r

locus and the selected ha pl otype , then another transformat ion T i s

s pecified to accoun t f or any interfence of this with the

reproductive trans f ormation.

This yields the fol lowing r ecurs i on for the population :

200

z -ai

or in vector form

z • [ O ..... )I + .. C(z ) 1 D(_z ) z •-a a a - -a
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where

201

with

and

•
•

i ,j ,

the mean fitness is

D(!) ~ ~ dieS: 8 1)
w

the size of the mating pool is

e - L Z 181m •
al a a

and the transformation probabilities are

TRl + 1 6. (I _ R)Tt + 1 + RT; + 1 •
k

where R is the rate of recombination between modifier and selected

loci.

Unless the diploid fitnesses satisfy

then the matrix C(!) will not be stochastic, and varying ms will

change the column sums of naD

Clearly, though, 1£ the diploid fitness values f j k are large

enough,

P ¢l aD) will increase with larger ma,

and if they are small enough,

P ¢l aD) will increase with smaller ma •
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showing that a new modifier allele increasing sexual reproduction get s

In i f there I s a strong fitness advantage of the diploid phase , and I s

excluded if going through the diploid phase has a strong fitness cost .

The refore:

RESULT 3.29 :

St r ong selection for or against the diploid organism can dominate

the evolution of the probabili ty of sexual reproduction In this model.

20 2

Suppose now that there Is no se lect ion on t he diploid, so f j k * 1,

f or all j and k . Then C(~) Is a s tochastic mat rix. From Ka r l i n

( 1982) Theorem 5. 2, we see that as long as the fl tnesses. 81 , of ea ch

se l ec t ed t ype 1 are not all equal, the matri x on the frequencies o f

the i ndivi dua l s with the modi fie r a l l e l e yi el di ng the sma l les t value

ma will have the largest spectral radius . This of course will change

as the f requencies zai change. bu t in t he limit , the evolutionary

outcome wi ll be :

RESULT 3.30 :

The population fixe s on the modifier causing the highest r ate of

asexual reproduction ( the lowest sa) . The best tha t modifiers

increasing sexual reproduction can do under any condition is be neutral.

Thi s f orce of induced selection agai ns t sexua l r e product i on i s

dis tinct f rom Wi l liams' s (1 975) "cos t of meoisis". It i s more along

t he lines of "r e combi nat i ona l load " that Williams (19 75) dis cus ses.
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In this model , when an organism reproduces asexually , transmission

i s pe r fec t , so that the variat i on produ ced by the modi fier I s l inear.

However . I n real organi s ms transformation occurs i n the asexual

organisms also, due to mu t a tion. Incorporation of mutation into the

mode l would change the variation In transformations that the modifier

controls to be a f fine instead o f linear. In this case . it may be

pos sible that sexual reproduction would evolve to increase, and the

question of what sorts of additional transformation processes could

produce an increase in sexua l reproduction poses an interesting

ques t i on.

(3) A MODEL FOR MODIFI ERS IN CULTURAL TRANSMISSI ON

203

Because cultural transmission is mediated by comple x cogni t ive

processes , the idea of transformation can have some interesting

applications in this area. Cultural transmission usually goes on within

a context of human r elationships . The choice of who will be the

transmitters of cultural information may depend on these

relationships. More importantly . cultural transmission need not be

simply the replication of transaitter traits in the receiver; in cases

of personality, rel i gious pre ference , and politics for e xample, the

traits adopted in the receiver can be as much a reaction to these traits

in the transmitters as a replication of them because of the nature of

the relationship between the~ The theories of "f ami l y systems " that

have been developed are good exampl e of the trans f ormation of

behavior . In these theories , the behavior that offspring adopt Is
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causally related t o the behavior of their parents , but does not

ne cessarily resemble it .

The model 1 pose here considers how culture Itself might e volve to

affect the degree to which offspring copy the cultural trait s of their

parents as opposed t o adoptIng traits that are transformed results of

their parents traits.

The model has the following components:

1) Individuals bear two kinds of culturally transmitted trait . One

affects the individual fitness of Its bearer and the fertility of a

mated pair . The other. which I refer to 8S Mtraditionalism".

affects the transmission of the first .

2) Offspring a r e produced from two parents. Offspring randomly choose

one of their parents with whom they wi ll ftidentify".

3) The offspring acquire from the parent with whom they i dent i fy their

degree of traditionalism.

4) This degree of traditionalism determines the probability that they

also acquire the same selected cultural trait as the parent with

whom they identify. Otherwise, they acquire a selected trait whi ch

is some function of the selected trait s in both their parents.

To represent this, the folloWing are defined:

zai is the frequency of individuals with traditionalism type a

and selected type i before selection.

Wij is the lumped individual fitness and fertility of parental

pairs with selected types i and j •

204
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I -ma is t he probability that an offspring adopts the selected trait

of t he parent wi t h whom i t ident i f i e s .

P
j,k"'l

is the probability t hat an offspring of parental selected

types j and k is of s elected t ype 1 given that i t does

not simp ly copy the parent wit h whom it i dentifies . These

probabili ties do not depend on the t radi t i onal i sm t ype .

A most important assumption i s t hat the traditionalism itself is

transmitted faithfully, in a particulate fas hion. I t is transmitted

wi t hout bias , 80 i t can evolve only t hrough hitchhiking with t he

selected cultural t rait.

For a life cycle consisting of selection. ~andom mating with

fertility selection. and cultural transmission. the recursion on the

frequencies of t ypes is

205

Z.1

- 0 ..... )••
or in vector form

W
1z - +ai-
W

-=. - [ 0 ...... )1 + m.C(=) J0(=) =. '

where

v - I Zak' w
j -I vkwj k"k

a k

C(=)
A II

w
j k - ~ I vj vkwj k'- Vk W Pj.k+ il , W a nd

k j
1,j

jk

0(=) " ~ d1ag(w
j)-

W
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The variation 1n cultural transformation determined by the

tranditionalism type 1s linear, so from Karlin (1982) Theorem 5.2, we

see that 8S long as the marginal fitnesses, wi J of each selected

type 1 are not all equal, the matrix on the frequencies of the

individuals with the traditionalism type yielding the smallest value

ma will have the largest spectral radius. This of course will change

8S the frequencies Zat change, but in the limit, given that the

selected cultural traits still matntain marginal fitness differences

the evolutionary outcome will be:

206

RESULT 3.31 :

The population fixes on the highest degree of traditionalism in the

population (the lowest rna). The best that the traditionalism types

with larger ma can do is be neutral, and this can occur only for some

cases where C at the limit is a reducible matrix.

This simple model suggests that in populations that are allowed to

go to equilibrium, forms of culturally transmitted "traditionalism" , or

faithfulness in cultural transmission of traits that affect fitness

will increase. It shows how the trend toward perfect transmission can

be found in other contexts, and how the mathematics of these models

follow a similar pattern.
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s. THE STRENGTH OF SELECTION ON MODIFIERS AND

THE EFFECT OF PLEIOTROPY

In the initial increase analyses throughout this chapter t we

obtained r esults on the spectral radius of the exterior stabilit y

matrix. Recall that this spectral radius i s actually the induced

asymptoti c relative marginal fitness of the modifier allele (or

transformation type In general). Several of the results yield values on

the magnitude of this induced marginal fitness.

In the ca se of tightly linked modifier alleles stopping all

transformation. their induced marginal selective advantage was equal t o

the equilibrium fitnes s load. This value decreased with looser linkage

but was always gr ea t e r than the equilibrium fitness variance.

For modifiers with lesser effect on the transformations, the resu lt

on affine variation with memoriless distributions gives us an estimate

of the amount of s el ec t i on on the modifier as its marginal

transformation deviate s from the equilibrium marginal transformation of

the population. From Theorem 3.2b we obtain

2 07

w
a
~

w
- 1 + (m ­a

+ y
Pi-Si

cov(wi' )
Y1

The selection for or against the modifier will be on the order of

the equilibrium fitness variance in the population times the deviation

of its marginal transformation matrix from the equilibrium

transformation matrix.
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What sort o f estieates can be obtained f or these value s In nature ?

The upp er bound on the equi l i br i um fitness l oad,

1
l-a •

increas es without l imit f or populat ions with larger and larger amount s ,

a , o f transformation occur ring. The typica l values of a 1n nature

depend on the particular trans f ormation process. In the csse of the

segregation-syngamy transforma tion , a equals one . Select ion on

modi f iers tha t l ead t o s meio tic pa r t henogenes is or f orms of apomixis

with t he same resul t ca n therefore be quite strong. In the case of

mutation, although per-locus mutation r ates a re quite small , per

chromosome or per genome rates can r ang e up t o or de r one . Simi lar ly,

per-chromosome r ecombi nation r ates c an be on this or de r . The a mount of

selection on modifier ge nes can therefore be quit e s t rong in t ypical

populations. An interesting examp le i s the f ollowing :

RESULT 3.32:

The amount of induced s e l ection on a chromos omal inversion can

range up to the map length of the inversion, in unit s o f cross over

f r equency.

What occurs when there i s direct s e l e ct ion on the modifier due t o

2 08

pleiotropic effects it may have beyond its effect on transformation? I f

the pl eiotropic selection inte r acts multiplicat ively with the f itnesses

of the selected l oci, then this pleiotropi c se lect ion on the modi f ier

a l l e l e is simply multiplied by the induced selection on the modifier due

to its e f f ec t s on transformation. In the case of modifiers completely

stopping trans f ormation , the amount of pleiotropi c selection a gainst
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I t , 8p ' that i t can withstand and s t il l increase when introduced t o

the population can be as large as a • where It s intrinsic fitnes s

relat i ve t o the modifier all e l e s a t equi l i brium is 1 - sp •

The amount of selection on the modi f ier wi ll actual l y be a complex

f unct ion o f the transformation probabilities and the se l ective va lues of

the types in the population; the very c ourse estimates on the pos sible

s t rength of selection on modif i er a l l e les shown a bove we r e made merely

t o illus t r a te that the i nduced select ion on modifiers due t o t heir

effe cts on t rans f ormation can be on t he or de r of selection ac t i ng

directly on selected ge nes .

If the t r ans f ormat i ons i n t he populat i on we r e t o co ntinue evolving

t o reduce the eq ui l ibr ium fi t ness l oa d , t he n t he source of i nduced

se lect ion on the modi f ier will be gradually e l i minated . So when the

modifier gene s that have various degre e s o f plei otropic s e lect i ve

e ffects . the final stages of evolution of the transformat i ons wi ll come

t o be domina ted by t he se effe cts.

CONCLUSI ONS

209

I n this chapter, the general framework of sel ect ion and

transformation has been adopted to study t he evol ut i on of

transformations . Variation f or fitnes s and f or trans f ormat i ons has been

parti tioned i n t o independent dimens i ons of a n i ndivi dua l' s t ype .

Perhap s the most basi c statement to be derived fr om the r esult s of thi s

chapte r is that the evolution of transformations i s driven by an ef fe ct

of transformation-- the equi librium va r i ance i n the margi nal fitnesses
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of t he select ed t ype s . The ge ne ral r e sult of evolut ion i n the

trans f ormations appears to be t he e l imi na t ion of this va r iance In

fi tnesses. The s ta t e where all marginal f itnesses are equa l ma y be an

evolutionarily attractive state f or populations at equilibrium when

transformation does not a ct on t he transformat i on types .

The direction In whi ch the transformations evolve depe nds . howeve r,

on t he nature of t he va r i ation in t r ansfor mati ons In the populat i on .

Sever a l kinds of va riation in trans f ormati on have been described :

uniform. consis t i ng of linea r and a f f i ne var i at i on. and non-uni form

variation. Three f orce s have been identifi ed in the evolution of

transformations :

1. Selection due to reduction in the amount of transfor mati on .

2. Sel ect ion due t o increas e in the product ion of the f i t t er t ype s .

3. Trans f orma t i on a ct ing on t he t ransformation types.

Only 1. i s ava i l a bl e when there i s linear variation and no

transformation of transformation t ypes . With affine va r i a tion, or

non-uniform variation , 2. become s available . With s egregation

distortion or other t r ansmission distortion, 3. be comes a va i labl e .

A number of properties of the population do not seem t o affect the

direction in whi ch transformations evolve , including

the nature of the equi librium at which t he ne w trans f ormat i on t ype

I s introduced,

the nature of the type being transformed, be it genetic, geogr aphic ,

or cultural,

the nature of the transformations,

the select ion r egime ,

f requency depende nt selection or trans f ormat i on,
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alleli c mu l t iplici ty , or

t opology of de s cent .

It Is unknown whether the linkage of the modifi er affects t he

di rect ion of evolution of the t r ans formations, but ot he r work In the

l iterature s ugge s ts that it doe s not un l es s trans f ormation Is a ct i ng on

the modifi er genotype .

Modifi ers wer e f ound t o be potentially a ble t o resist the e f fec ts

of direct select i on, due t o pleiot r opy . r anging up t o the or de r of the

variance 1n fitnes s 1n the popula tion. But i f the populat i on I s

evolving t o mini mize thi s fitne s s va r i ance. at s ome point pleIotropic

effects can come t o dominate .

Modifier genes, like selected genes, can maintain po!ymorphlsms.

Thr ee kinds of polymorphism have been identi f ied: viabili t y-analogous,

tensor product pol yaorphisms , high c omplementarity polymorphisms , and

"balanced mixture " polymorphisms . I have explored mainly the behavio r

of viability-analogous , tensor produ ct polymor phi sms . They a r e a

general f eat ur e of modifiers giving uniform variation in the

transformat i ons in randomly mating populat ions . The addition of tens or

product modifier polymorphisms canno t s tabil i ze an unstable

selected-locus pol ymorphic equi librium. The stabi lity of these

polymorphisms~ depend on

the stability of the selected haplotype polymorphism,

the nature of the transformation,

the l i nkage of the modif ier,

frequency and de nsity dependent se lect ion and t r a nsformation,

the topology of descent,

and most likely , the overdominance of the modifier l ocus.

2 1 1
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But, excep t as the y affect t he features above. the s tabi li ty does not

a ppear t o depen d on

the ki nd of s e l ec t ed haplotype polymorphism,

the se lect ion regime. or

alleli c multiplicity.

2 12


