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ABSTRACT

Modifier gene models are used to explore the evolution of features of organisms, such as the
genetic system, that are not directly involved in the determination of fitness. Recent work has shown
that a general “reduction principle” holds in models of selectively neutral modifiers of recombination,
mutation, and migration. Here we present a framework for models of modifier genes that shows these
reduction results to be part of a more general theory, for which recombination and mutation are
special cases.—The deterministic forces that affect the genetic composition of a population can be
partitioned into two categories: selection and transmission. Selection includes differential viabilities,
fertilities, and mating success. Imperfect transmission occurs as a result of such phenomena as
recombination, mutation and migration, meiosis, gene conversion, and meiotic drive. Selectively
neutral modifier genes affect transmission, and a neutral modifier gene can evolve only by generating
association with selected genes whose transmission it affects.—We show that, in randomly mating
populations at equilibrium, imperfect transmission of selected genes allows a variance in their marginal
fitnesses to be maintained. This variance in the marginal fitnesses of selected genes is what drives the
evolution of neutral modifier genes. Populations with a variance in marginal fitnesses at equilibrium
are always subject to invasion by modifier genes that bring about perfect transmission of the selected
genes. It is also found, within certain constraints, that for modifier genes producing what we call
“linear variation” in the transmission processes, a new modifier allele can invade a population at
equilibrium if it reduces the level of imperfect transmission acting on the selected genes, and will be
expelled if it increases the level of imperfect transmission. Moreover, the strength of the induced
selection on the modifier gene is shown to range up to the order of the departure of the genetic

system from perfect transmission.

7 MODELS of modifier genes have been developed
over the last 20 yr to extend the synthetic
theory of evolution to features of organisms which fall
outside of the classical purview of heritable variation
for fitness. The biological phenomena encompassed
in modifier gene models are diverse, and include
features of the genetic system such as recombination
and mutation, features of the mating system such as
selfing, and ecological features such as migration
rates.

A principle for the evolution of neutral modifier
genes, the “reduction principle,” has been developed
by FELDMAN, CHRISTIANSEN and Brooks (1980), Li-
BERMAN and FELDMAN (1986a,b; 1987) and FELDMAN
and LIBERMAN (1986). In models of recombination,
mutation and migration modification in which the
modifying gene is multiallelic, LIBERMAN and FELD-
MAN have shown that there is a reduction principle
that holds under a wide variety of conditions, and
they suggest that complete reduction of each of these
has the property of “evolutionary genetic stability”
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 (EsHEL and FELDMAN 1982). The possibility that these

parallel results reflect an underlying unity among
modifier gene models is the motivation for the current
work.

We introduce here a theoretical approach to the
evolution of modifier genes that partitions the forces
of evolution, other than drift, into two classes, selec-
tion and transmission. Transmission is the determi-
nation of offspring types by parental types. Imperfect
transmission occurs whenever the gametes in off-
spring are different from those in their parents. Selec-
tion occurs when different types in the population
differ in their relative contributions to the next gen-
eration. A large class of modifier gene models can be
unified once they are seen to involve genetic variation
for transmission processes. In contrast to genes that
produce differences in fitness, neutral modifier genes
produce differences in transmission processes. Modi-
fiers of recombination, mutation, segregation distor-
tion, and migration are in this class.

We investigate the initial increase properties of
modifier alleles introduced into randomly mating dip-
loid populations near genetic equilibrium for a set of
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polymorphic loci undergoing viability selection and
generalized transmission. The main results can be
summarized as follows. First, selection for or against
the modifier requires that there be a variance in the
equilibrium marginal fitnesses of the selected loci.
This in turn requires that the selected loci be imper-
fectly transmitted. We obtain two results that gener-
alize the reduction principle. First, we show that a
population that maintains an equilibrium variance in
the marginal fitnesses, due to imperfect transmission
of loci under selection, can always be invaded by a
new modifier allele that produces perfect transmis-
sion. Second, we show that when the modifier and
major loci are tightly linked, a new modifier allele
that produces “linear” variation in the transmission
process can invade if and only if it reduces the level
of imperfect transmission. We also obtain results on
the possible strength of selection induced on a tightly
linked neutral modifier, and show that it is on the
order of the variation in equilibrium marginal fit-
nesses, which is bounded by the extent of imperfect
transmission characteristic of the genetic system.

GENERALIZED TRANSMISSION

The term haplotype will be used to mean a gamete’s
genotype, or a gamete’s contribution to a diploid
genotype. Perfect transmission occurs when a diploid
individual’s two haplotypes, as originally derived from
its parents, are transmitted unchanged to its gametes,
and in equal proportions. For a multilocus parental
haplotype to be perfectly transmitted, the whole hap-
lotype must behave as a Mendelian unit. Imperfect
transmission occurs when gamete haplotypes differ
from the parental haplotypes as a consequence of
mutation, recombination, gene conversion, translo-
cation, etc.

To represent the transmission relations between
parental and gamete haplotypes, we first enumerate
all of the possible haplotypes, {3, j, k, ---}. The trans-
mission can be represented by the set of probabilities
T(i « j, k) that a gamete produced by a parent with
haplotypes j and % has haplotype i;

Tie—j,k)z0,XTG—j k=1

(1)
forall j, k.

For simplicity we restrict our analysis here to
autosomal systems so that there is symmetry in T:
T@ < j, k) = TG « k, j). If there are n possible
haplotypes, then the genetic transmission system can
be represented as an n by n* matrix:

T = TG « j1, j2) 1%, 0=1- 2)

This matrix is just the “segregation table” for all of
the genotypes in the population. Matrices satisfying
(1) are called biparental transmission matrices.

Varieties of transmission processes: Models of one
locus without mutation or segregation distortion are
examples of perfect transmission. The transmission
probabilities with perfect transmission are

Ty (i < 4, k) = Ya(8;; + 6a),

where §;; is the Kronecker delta (8) function,

5 = {0 if i
v 1 if i=j"

Different genetic systems may produce different
levels of imperfect transmission during reproduction.
A quantity that plays a central role in our analysis is
the level of perfect transmission that is guaranteed by
the genetic system for all possible parental genotypes.
This upper bound (over all genotypes) on the proba-
bility of imperfect transmission we refer to as «. Any
transmission matrix can be written in the form,

T =(1 — )Ty + aP, (3)

which involves a mixture of the perfect transmission
matrix, T;; and a transmission matrix, P. The value a
is the minimum value for which the elements of the
matrix

T—(1-a)Tuz=0 @)

are non-negative, so that 1 — « is a measure of the
degree of perfect transmission present in 7.

Tables 1, 2 and 3 show the transition probabilities
for several standard models of mutation, segregation
distortion, and recombination, and an example of a
model of gene conversion at two loci. The value of a
for each of these models is given.

EVOLUTION OF HAPLOTYPES UNDER
SELECTION AND GENERALIZED TRANSMISSION

Here we formulate a general model of evolution
for a diploid population undergoing random mating,
viability selection, and transmission of haplotypes
from zygote to gamete. Let z be the vector represent-
ing the frequencies of all gametic haplotypes in the
population. Let

W = |lw;lii=

where w;; is the viability of a genotype composed of
haplotypes i and j. We assume sex symmetry so that
Wipiy = Wigi;- L i

With a life cycle consisting of random union of
gametes, viability selection, and generalized transmis-

sion, the recursion on the frequencies of gamete hap-
lotypes is

3

’

wz =

ipgs

T

22T < j, kywp
- (5a)
i=1,2 ---,n)

7
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TABLE 1

Transmission table for mutation and segregation distortion

Frequencies of gamete haplotypes
Parental genotypes A As
A]/Al 1- m, m;
Ag/Ag mo 1- mo

With m; = my; = k = 0 we have perfect transmission.
With £ = 0, a = max(m;, ms) [see (3)].
Withm, = my =0, a = |k} [see (3)].

TABLE 2

Transmission table for recombination

Frequencies of gamete haplotypes
Parental genotypes A\B, A B, A2B, AsB,
A,B,/A\B, 1 0 0 0
A\B,/A B Ve %3 0 0
AB,/AsB, Ve 0 Yz 0
ABy/A1Bs 0 1 0 0
ABs/AsBs 0 Y2 0 Y2
AzBi/AsB, 0 0 1 0
AsBy/AsBs 0 0 Yo Ya
AsBo/AsBs 0 0 0 1
Here a = R.

or in matrix form

zl

1 . .
12 2w TG j, k) =1 2, (5b)

w g

where

W= wgzz =2 Wz (6)

9

is the mean fitness of the population.
A central quantity involved in our analysis is the
marginal fitness of a haplotype. The marginal fitness
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of haplotype i is w; = Z; w;z; It represents the net
effect of selection on a haplotype averaged over all
the genotypes in which it appears. With perfect trans-
mission, variation in marginal fitnesses is the sole force
acting to change haplotype frequencies, in which case
(5) becomes

wz =z ), wyzj, or, wz' =diag(Wz)z (7)
J
(see EWENS 1979, pp. 40-41). The relative frequency
of haplotype i changes in one generation by an amount
proportional to Z;w;z; — w.
Employing the marginal fitnesses, the general re-

cursion (5) can be written in the form
z’ = YDz, ¢))

where Y is a column stochastic matrix, and D is a
positive diagonal matrix, as follows:

Wik . .
Y = 12 % TG < j, DIy,
k wj

and
% 0
D= diag<’—”_-‘) = . 9
w 0 —-
w
Y is column stochastic since
w; W
Yu2Ti—jb=Y~L=1.
ik w; kW

EQUILIBRIUM PROPERTIES OF POPULATIONS
UNDER SELECTION AND IMPERFECT
TRANSMISSION

In this treatment we are concerned with the evolu-
tion of modifier genes introduced into populations
near equilibrium. Here we derive the most salient

TABLE 3

Transmission table for unbiased gene conversion at two loci

Frequencies of gamete haplotypes

Parental genotypes A\B, A,B; AsB, AsBs
A,B,/A\B, 1 0 0 0
A1B1/A\B; Ya Ya 0 0
A1B,/A2B; Yo 0 Yo 0
A1B1/AsB; Yo(1 —a — b + 2ab) Yo(a + b — 2 ab) Ya(a + b — 2ab) Yol —a — b + 2ab)
A;By/A\B; 0 1 0 0
A1B2/A:B, Yo(a + b — 2 ab) Yo(l —a — b + 2abd) Yo(1 —a — b + 2ab) Yo(a + b — 2ab)
AB3/AqB, 0 Ve 0 Ve
AsB,/AsB, 0 0 1 0
A2B1/AsBs 0 0 Ya Ve
AoBs/AsBy 0 0 0 1

a = rate of gene conversion at locus A, b = rate of gene conversion at locus B.

Here a =a + b — 2ab.
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property of populations at equilibrium, which is the
relation between imperfect transmission and variation
in marginal fitnesses.

Consider a population that is at an equilibrium for
the frequencies of the haplotypes. Recursion (8) pro-
duces the equilibrium identity

z =YDz (10)

With perfect transmission Z = Dz, so that

D= diag<"—f) =1
5

and @; = @ for all haplotypes i such that z; > 0. This is
true regardless of any frequency dependence of the
w’s. Hence, we have the well known

Result 1: With perfect transmission, all the haplotypes
present in the population have equal marginal fitnesses at
equilibrium.

In the presence of imperfect transmission, there can
be differences at equilibrium in the marginal fitnesses
of the haplotypes present. Moreover, the potential
magnitude of the variation in the equilibrium mar-
ginal fitnesses can be shown to depend on the maxi-
mum level of imperfect transmission, «, characteristic
of the genetic system. On substituting the expressions
(3) into the equilibrium equations (10), since P = 0
we easily deduce that #,/w < (1 — &)™" for all i.

Later we show that the strength of selection on the
modifier gene depends quantitatively on the magni-
tude of the difference between the maximal marginal
fitness in the population and the mean fitness. This
quantity is a variant on the genetic load defined by
Crow (1958), and we call it the “selection potential”:

Definition 1: The selection potential, V, present in a
population is defined as

m?x(w,-) L

V= —1=—
5 1-r ()

where L is the genetic load, 1 — (/max{w))), as
defined by Crow (1958).

The upper bound to the equilibrium selection po-
tential is

) (12)

which increases without limit as « increases toward 1,
and approaches 0 as « tends to 0. This definition of
selection potential corresponds to the less common
definition of genetic load used by EweNs (1979, p.
66).

GENERAL MODIFIER GENE MODEL

The general modifier gene model is a special case
of formulation (5) with haplotypes undergoing both
selection and imperfect transmission. The haplotype

is partitioned so that one part, the set of selected loci,
A, undergoes selection and generalized transmission,
while the other part, the modifier locus M, controls
the transmission of the first part. Thus haplotypes are
indexed with two subscripts, so that

M,A;

represents the haplotype with modifier allele a and
multilocus haplotype i for the set of loci under selec-
tion. Its frequency is z,;. We assume that the modifier
alleles have no effect on the fitness of their carriers.
Thus, the fitness of genotype M,A;/MA; will be w;
for all a, b. We use the notation A; for haplotypes that
consist of alleles G1;Go:Gs; - - - with the subscripts 1, 2,
3, etc., indicating the selected gene locus. It will be
assumed throughout that the location of modifier
locus is external to the A haplotype. If G, is the
selected locus nearest the modifier locus, we denote
by r the probability of recombination between M and
Gl.

We assume that the modifier alleles are perfectly
transmitted regardless of the processes acting on the
selected haplotypes, so that the only force acting on
the modifier locus is the induced selection resulting
from its effect on the transmission of the other loci.
To take account of recombination between M and G,
we introduce two new transmission matrices, T* and
T*, which describe the transmission of the complete
system of modifier and selected genes and also keep
track of each modifier allele during transmission.

T*(ai < aj| bk) is the probability that haplotype M,A;
is produced from haplotype M.A; in genotype M,A;/
M,A;, given that no recombination has occurred be-
tween M and G,. T*(ai < ak| bj) is the probability that
haplotype M.A; is produced from haplotype M,A; in
genotype M,A;/M,A; given that recombination has
occurred between M and G;. Conditioning in this
way on recombination between M and G, takes ac-
count of any possible interference between crossovers
in the region between M and G, and the transmission
of the A haplotype. In the absence of interference,
T*(ai < aj| bk) = T*(ai < aj| bk) for all a, b, i, j, k.

The recursion (8) for the general modifier model
with random mating can then be rewritten as

1 . .
25 == zzbjzdwjk[(l — 7)T*(bi « bj|ck)
W Gk N (13)
+ rT*(bi < bk|cj)].

In terms of T* and T* the original T defined in (1)
can be written

T(ai — aj, bk) = % (1 — I)T*(ai «— aj| bk)

+ % T*(ai < ak|bj) for a # b,
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T(at < aj, ak)

= % (1 — n)[T*(ai « aj|ak) + T*(ai « ak|aj)]

+ % [T*(ai — ak|aj) + T*(ai — aj|ak)],

and T(ai « bj, ck) = 0 if b # a and ¢ # a, where Z;
T(ai < aj|bk) = 1 for all a, b, j, k, and T(ci « aj|bk)
= T(cze—ajlbk) 0if c #a.

The original T’s are not used after this point, so for
convenience the asterisks from the new sets of T"s are
suppressed. The new T’s can be represented in matrix
form as

To = IT(ai < ajilbjo)lli;, j=1
and
T = 1T(@i < aji | bj2) 7, jpm1-

In the absence of interference T,; = T,;. It will be
assumed that there are no position effects between M
and A. That is, the linkage phase between M and A
within the diploid genotype does not affect the trans-
mission of A. This is expressed as:

T(ai < aj|bk) = T(bi < bj|ak) and

T(ai < aj| bk) = T(bi «— bj|ak),

or in matrix form, T,, = T, and ’i‘ab = 'i‘,,a. This
excludes the possibility that the modifier controls
transmission processes that occur during the haploid
phase of the life cycle.

Segregation distortion acting on the modifier locus
is excluded here because this would constitute imper-
fect transmission of the modifier. This entails I,
T(ai < aj|bk) = 1, =; T(ai < aj| bk) = 1 for all g, b, j,
k. This restriction is actually necessary to ensure that
Tand T satlsfy condition (1) in the original definition
of transmission matrices.

If the selected haplotypes are perfectly transmitted
in an organism of modifier genotype M,/M,, then

Tifai < aj|bk) = Tifai «— aj|bk) = &,

_Jo i i
1 if i=j’

(14)

Only if r = 0, however, will this constitute perfect
transmission of the entire haplotype of both modifier
and selected loci.

ANALYSIS OF THE RECURSIONS

In this section we investigate the fate of new modi-
fier alleles introduced into the population in the
neighborhood of a stable equilibrium.

The equilibrium identity: We introduce the follow-

ing notation:

z, = Zb.2 »
~ Wik . .
Q= l Y Za = [(1 — nT(bi « bj|ck)
ck wj
(15)
+ rT(bi < bk|cj)] l:,-=,,
72}; - 2 zbju)y’
b
and

as in (9). @, are column stochastic matrices.
At any equilibrium for (13), the following identity
must be satisfied:

R l .. . .

2y = F 2 Zizawal(1 — r)T (bt < bj|ck)
@ ok i (16)

+ rT(bi < bk|cj)).

This can be written in a vector form analogous to (8):
z, = Q,Dz,. (17)

The “external stability” of equilibria: To investi-
gate the long-term evolutionary fate of the modifier
locus, we need to know those characteristics of new
modifier alleles that determine whether they will in-
crease in the population when introduced near an
equilibrium. Let a new modifier allele, M,, be intro-
duced into the population near z, with ¢, the fre-
quency of haplotype M,A;. From (13) the vector form
of the linearized recursion for the ¢,’s, ignoring terms
of order &, is

¢ = Q,De. (18)

Assuming that the polymorphic equilibrium z is locally
stable to perturbations in the frequencies of the hap-
lotypes already present, the initial increase of the new
modifier allele is determined by the spectral radius of
the stability matrix,

p(Q.D). (19)

If p(2, D) > 1, the new modifying allele increases. If
p(2.D) < 1, it decreases and if p(2.D) = 1, the modi-
fying allele cannot change at a geometric rate. We call
these the “external stability” properties of the equilib-
rium.

REDUCTION PRINCIPLE
Since €, 1s a column stochastic matrix, the spectral

radius p(2, D) can be different from 1 only if D#I;
i.e., only if there is a nonzero variance in the marginal
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fitnesses of the selected haplotypes at equilibrium.
Thus, when a population is near an equilibrium, se-
lection cannot act on a newly introduced modifier
allele to change its frequency at a geometric rate
unless there is an equilibrium selection potential.

In this section we present the main results about
the initial increase properties of a new modifier allele
introduced to the randomly mating population at a
polymorphic equilibrium. These results concern exter-
nal stability of the equilibria with respect to changes
in the direction of the modifier frequencies. Although
the assumption of the existence of the equilibria may
entail constraints on the selection regimes and trans-
mission probabilities, in none of the results do these
constraints or closed form solutions of the equilibrium
frequencies appear. The only generic assumptions
made are as follows: (1) There is polymorphism in the
selected haplotypes, and (2) new modifier alleles do
not cause the selected haplotypes present at equilib-
rium to be transformed into haplotypes not present.

Our results regarding the evolution of reduced
levels of imperfect transmission fall into two cases
according to the effect of the new modifier allele on
transmission:

“Case 1. Imperfect transmission eliminated at the
selected loci

Result 2: a) A population at equilibrium with a nonzero
selection potential can always be invaded by a new modifier
allele that eliminates imperfect transmission at the selected
loci, for any amount of linkage of the modifier to these loci.

b) In particular, for a modifier locus that is absolutely
linked to the selected loci (which are absolutely linked in
the presence of the new modifier allele), the spectral radius
of the external local stability matrix equals one plus the
equilibrium selection potential, i.e.,

p(@.D) = 1 + V = max; <%>
w

c) Moreover, for all r <5, the spectral radius of the
external local stability matrix is always greater than one
by at least the equilibrium marginal fitness variance, i.e.,

p(Qaf)) =1+ var <%)
w

d) For a given set of equilibrium fitnesses and haplotype
Jfrequencies, the selective advantage of a new modifier allele
that eliminates imperfect transmission decreases with
looser linkage to the selected haplotypes.

€) The selection potential is always greater than the
population variance in the marginal fitnesses.

The proofs of this and subsequent results are given in
the APPENDIX.

Remarks: (i) Result ) does not require that the
population be at equilibrium, but holds for popula-
tions in the transient phase of their dvhamics as well.

(i) In principle, because the frequency vector v and
the fitness matrix W are the only facts about the
polymorphic equilibria that are relevant to the fate of
the new modifier allele, Result 2 can be shown to hold
no matter what linkage arrangements obtain for those
modifier alleles and selected loci segregating at the
polymorphism. Moreover, the modifier alleles present
at the polymorphism may even control their own
linkage to the selected loci without changing this
result. The new modifier allele, however, must fit the
assumptions given earlier (that it be external to the
selected haplotype and have a single recombination
rate r with the nearest selected locus) for the proof of
Result 2 to hold.

Case 2. Linear variation in the transmission

So far we have considered only modifier alleles that
produce large reductions in the imperfect transmis-
sion acting on a set of selected loci. Now we consider
modifiers that can change the level of imperfect trans-
mission over a continuous range of values. Here, the
way changes in T reflect variation at the modifier
locus is critical in the evolution of modification.

The simplest kind of variation in transmission con-
stitutes a basic “building block” of variation for more
complex systems. Suppose that each selected haplo-
type, A;, has a certain probability, m, of being “hit” by
some transforming process, and given that it is hit,
it is transformed into various other selected haplo-
types with different probabilities. These probabilities,
T1(i « jlk), include possible dependence on both
haplotypes A; and A; in the diploid genotype. If the
effect of the modifier gene is to scale the “hit” rate,
m, up or down equally for all haplotypes, it will be
said to produce “linear” variation in the transmission.

Definition 2: For linear variation, the transmission
matrix for modifier genotype M.,/M, can be repre-
sented as a weighted average,

7T(ma1,) = (1 — mu)Tyy + m T

where T is a transmission matrix that is independent

of the allelic configuration at the M locus, and the
modifier’s sole effect to determine the parameters m,;.
Examples are discussed after Result 3.

We consider here the initial increase properties of
a new modifier allele that produces linear variation in
the transmission. Attention is restricted to the intro-
duction of new modifier alleles into populations that
are fixed at the modifier locus, but all of the initial
increase results extend to a class of modifier poly-
morphisms discussed in LIBERMAN and FELDMAN
(1986a,b; 1987).

Consider a population at a stable equilibrium satis-
fying (16) where the modifier locus is fixed for one
allele, M;, which produces transmission matrices

T, = IT(1i < 11| 1)U, 0=



























