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Abstract

This paper presentsa constrained genetic approach
(CGA) for reconstructingthe Young’s modulusof elastic
objects. Qualitative a priori information is incorporated
usinga rankbasedschemeto constrain theadmissibleso-
lutions. Balancebetweenthe fitnessfunction(adhesionto
themeasurementdata)andthepenaltyfunction(fidelity to
a priori knowledge) is achievedby a stochasticsort algo-
rithm. Theover-smoothingof Young’smodulusdiscontinu-
ity is avoidedwithouttheneedof computinga deterministic
weightcoefficient. Theexperimenton syntheticdata indi-
catesthat the proposedmethodnot only reconstructedre-
liable Young’smodulusfromnoisydata,but alsoexpedited
theconvergenceprocesssignificantly.

1 Introduction

Elastographyis an noninvasive techniquefor imaging
elasticproperties(Young’s modulus)of soft objects. This
techniqueis of interestto physiciansfor its potentialsin
earlycancerdetectionandburnscarassessment[2, 12]. Re-
constructingYoung’smodulusis alsoimportantfor physics
basedmodelingin computergraphicsandvision[5, 10], be-
causemodelingresultsarestronglyaffectedby theaccuracy
of materialpropertiesbeingused.

We canreconstructtheYoung’smodulusof anobjectby
measuringits elasticdeformationsubjectto externalforces.
Becauseof the ill-posednatureof this inverseproblem[7]
we have to usea priori knowledgeto constrainthesystem
sothatanoptimalandstablesolutioncanbefound.

Several importantissuesmustbeaddressedfor a recon-
structionproblem: (1) How the a priori informationis in-
corporated? (2) How thecontributionsfrom measurement
dataanda priori informationis balanced? (4)Whatmethod
is usedto solve theconstrainedminimizationequation?

We proposeto use a constrainedgenetic algorithm
(CGA) to reconstructtheYoung’smodulusasa distributed
parameter. Thisapproachhasthefollowing features:

(1) a priori knowledgeis incorporatedthrougharankta-
ble, which enablesus to handlethequalitative information
that cannot be readilyexpressedasa continuousfunction
andits derivatives. This kind of informationabouttheob-
ject’spropertiescanbecollectedfrom eitherexperts(visual
examination)or low level imageprocessing.

(2) The balancebetweenthe fitnessfunction (measure-
mentdata)andthepenaltyfunction(a priori knowledge)is
achievedthroughstochasticrankingratherthanby comput-
ing adeterministicweightcoefficient.

(3) Reconstructionproblemsareoftensolvedin a deter-
ministic way, wheretheuseof gradientbasedmethodsare
common[1]. Kallel andBertrandconductedexperiments
on elasticmodelusingstandardNewton-Raphsonmethod
[4]. In apreviousstudy[12, 14], weusedasteepestdescent
searchto identify abnormalYoung’smodulusfor burn scar
assessment.The commondrawbackof the gradientbased
methodsis that they arevery sensitive to thestartingpoint
andhenceoftenstuckin local minimum. This is very true
whenhighly nonlinearphysicalmodelsareusedwhich re-
sultsin anextremelycomplex solutionspacethatis charac-
terizedby many localminima.

Recently, solvinginverseproblemsin stochasticdomains
(global optimization) has received much attention. The
stochasticnatureof the geneticalgorithmoffers us a bet-
ter chanceto find a moreoptimal solutionby escapinglo-
cal minima. Wong andGuan[13] usedevolutionarypro-
grammingto solveanadaptively regularizedimagerestora-
tion problem.In electricalimpedancetomography, Olmi et
al [6] reportedthat a geneticalgorithm is superiorto the
Newton-Raphsonmethodin termsof thereconstructionac-
curacy. In this study, we demonstratethat it is possibleto
reconstructtheYoung’smodulususingaCGA andthestrict
requirementonstartingpoint canberelaxed.
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2 Finite Element Formulation of Young’s
Modulus Reconstruction

The elasticbehavior of the body being actedupon by
forcescanbestatedasa initial-boundaryvalueproblem:
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where
�

is straintensor,
�

is amatrixthatincludesYoung’s
modulus( � ) to berecovered,� is a displacementvector,



is themassdensity, and

�
is a forcevector.

�
alsoincludes

Poisson’s ratio, which is assumedasa constant(0.495)in
this studybecauseof the small compressibilityof soft tis-
sues.

To solve(1),wetransformit into amatrixequationusing
Galerkinmethod[15]:

���� � �"!� �$# � ��%&� � 	 (2)

whereM is themassmatrix, C is thedampingmatrix, and
K is the stiffnessmatrix. In our study, (2) is simplified to
thestaticcase: # � �'% (3)

We reformulate(3) into:

( � � 	)�'* (4)

where
*

denotesboundaryspecifications(Dirichlet and
Neumann)includingdisplacementmeasurements,and

(
is

anoperatorthat representsthe forwardphysicalmodel.
(

is usuallynonlinearandcanbelinearizedusingthepertur-
bationmethod.

Becauseof the discontinuousdependenceof � on
*

,
the standardleast squaremethodin the form of +�,.-0/( �'1 * / cannot guaranteea stableandoptimalsolution.
Thesituationgetsworsewhenvector � hasmorecompo-
nentsthan

*
does.A priori knowledgeis thereforeneeded

to constraintheleastsquaresolution:
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where : ; measuresthefidelity of thesolution
( � to data*

, : � denotesthedistancebetweenthecomputedsolution� andtheexpectedsolution�ED�FCGIHCF defininga priori knowl-
edgeon � .

3 Constrained Genetic Algorithm

3.1 Genetic Encoding

We interpret the Young’s modulus of finite element
model as a chromosomein a CGA througha one-to-one
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E4 E5 E6

E7 E8 E9

g1 g2 g3 g4 g5 g6 g7 g8 g9

Finite Element Mesh

E(i) = Young’s modulus of the ith element

Chromosome

g1 = E1
.
.
.

g9 = E9

Figure 1. Geneticcodingof Young’s modulusin a
finiteelementmodel

mappingbetweenelementandgene(Figure1). So,if thefi-
niteelementmeshhasK elements,thecorrespondingchro-
mosomehas K genes.Eachchromosomein thepopulation
poolrepresentsapossibleYoung’modulusdistribution. Be-
causeYoung’smodulushascontinuousvalues,weusereal-
valuedencoding(double)insteadof astringof bits.

3.2 Rank Based Constraint

In the stochasticframework of geneticalgorithms,the
ill-posednessexhibits itself as local plateausin the land-
scapeof admissiblesolutionspace.Geneticalgorithmsare
morestablein thesensethatit canalwaysconvergeto aso-
lution, eventhoughit maynot beoptimal. Constraintsare
imposedon solutionsthroughpenaltyfunctions,which are
equivalentto the regularizationstabilizersor precondition-
ersin thedeterministicframework.

We formulatetheobjective functionto beminimizedby
a CGA as a combinationof the fitnessfunction and the
penaltyfunction:

LNMPO � � 	Q� / ( � � 	 1SR$/ �T ��UWVX� � 	 (6)

Where
( � � 	 is displacementfrom finite elementmodel,R is themeasureddisplacementvector, - is thenumberof

nodesonwhichthemeasurementis made,
VX� � 	 isapenalty

function, and
U

is a weight coefficient (regularizationpa-
rameter).

Likein theproblemof splineandsurfacefitting, Young’s
modulus can be regarded as a spatial function � �ZY[	
that possessesa certain degree of continuity and there-
fore the smoothnessconstraintimposedon the surfaceof� ��Y[	 canbe formulatedasa quadraticintegral functional:
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\^]�_ ` � ��Y[	 _ a R Y where b is theLaplaceoperator. Oneof
theproblemswith thisglobalsmoothnessconstraintis thatit
mightoverdampthediscontinuityof Young’smoduluscom-
monly observedat the boundaryof abnormalareason the
orderof severalmagnitudein ourburnscarstudy[12]). Var-
iousadaptiveregularizationschemeshavebeenproposedto
accommodatethelocaldiscontinuity[11, 3, 1].

Sinceweusuallyhavegoodqualitativeknowledgeabout
therelative � from a medicalexpert’s assessment,or from
low level imagecuessuchasintensitygradient,color and
texture, we proposean alternative rank basedmethodto
computethe penaltyfunction. In eachsolution (chromo-
some),elements(genes)arerankedbasedon their relative
Young’smodulusandrecordedin a sortedranktable.Sim-
ilarly, we transformthequalitative a priori knowledgeinto
anotherrank table. For eachelement,we computethedif-
ferenceof its rank positionsin two rank tables. We then
sumup the rank discrepancy of all elementsto represents
thedistancebetweenthesolutionanda priori knowledge:

VX� � 	9�dce Ggf�; /
3 G 1Sh G / � (7)

where
3 G is therankpositionof element, in therank table

of solution � . h G is the rank positionof element, in the
ranktableof a priori knowledge.

Figure 2 illustratesthe rankingschemeusinga simple
two-dimensionalmodelof 4 elements.As a priori knowl-
edge,the Young’s modulusof eachelementis labeledas
”high”, ”mid” and ”low”. This qualitative information is
thentransformedinto aranktablewhereelementsaresorted
in descendingorder. If - elements

� -'ikj 	 have thesame
label, then they all can have - potential rank positions,
which will bedeterminedby its counterpartin thesolution
rank table. For instance,bothelement(1) andelement(4)
arelabeledas”low”, thereforetheir rankpositioncanbe3
or 4. In solution1, the ranksof element(2) andelement
(3) matchexactly with their ranksin the tableof a priori
knowledge. For element(1), its rank in the solutiontable
is 3, while its rank in a priori tableis [3,4]. In thecaseof
multipleranks,weselectthevaluethatis closestto its coun-
terpartin thesolutiontable,whichis 3 for element(1). Sim-
ilarly, for element(4), weselect4 from its multiplea priori
rank [3,4]. The final penaltyvalue is zero

��VX� � 	l�nm4	 .
In contrast,solution 2 hasa � distribution that is differ-
entfrom a priori knowledgeandthusa shuffledranktable,
which leadsto a higherpenaltyvalueof 6.

Wealsointroduceanotherpenaltyfunctionthatspecifies
the maximumandminimum Young’s modulusan element
couldhave. This upperboundandlower boundcanbeob-
tainedeitherfrom literatureor from in situmeasurement.

This rankbasedapproachhastheadvantagethatit is in-
trinsically piecewiseandthuspreservesthe parameterdis-
continuity(althoughastrongsmoothnessconstraintcanstill
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id

E
(kPa)

rank

(2)
(3)
(1)
(4)

1
2

3,4
3,4

high
mid
low
low

low high

mid low

(1) (2)

(3) (4)

a prior knowledge

p(E)   =  |3-3|   + 
               |1-1|   + 

                |2-2|   +  
               |4-4|      

=  0  

p(E)   = |4-4|   +
              |2-1|   +
              |3-2|   +

          |1-3| 
= 6

8 40

316

(1) (2)

(3) (4)

(2)
(3)
(1)
(4)

1
2
3
4

40
16
8
3

4 22

6 35

(1) (2)

(3) (4)

(4)
(2)
(3)
(1)

1
2
3
4

35
22
6
4

solution 1

solution 2

2

2

2

2

2

2

2

2

Figure 2. Therankbasedschemefor incorporating
qualitativea priori information. Thenumbers in the
parenthesesdenoteselementID andtheboldnumbers
at thelower-left cornerof elementsrepresentYoung’s
modulus(kPa).

be imposedin areasof little � variations). This approach
is particularlysuitablefor imagebasedmedicaldiagnosis
suchas scarassessment,wherewe are only interestedin
identifying andquantifyingabnormalareas.Qualitative a
priori knowledgecanbe collectedby physicianswho iso-
lateandratethescars.Moreautomaticmethodsfor extract-
ing qualitative informationfrom intensitygradient,texture
andcolorarecurrentlyunderinvestigation.

3.3 Balancing Fitness and Penalty Functions by
Stochastic Ranking

In theobjective function(6), thefitnessfunctionandthe
penaltyfunction arecomputedon differentquantities(fit-
nessis measuredasdifferenceof displacement(m), while
penaltyfunctionis thedifferenceof rankorders(unitless)).
An optimal weight coefficient

U
is neededto balancethe

contributionsfrom the fitnessandpenaltyfunctions.
U

is
often problemdependentandfinding an optimal

U
deter-

ministically is still an opentopic. In [8], Runarssonand
Yao presenteda stochasticmethodto strike a balancebe-
tweentwo functions,withouttheneedfor computing

U
. We

found this methodis well suitedfor theproblemof recon-
structingYoung’smodulusby CGAs.Interestedreadersare
refereedto [8] for details.
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Figure 3. The forward finite elementmodeland a
priori knowledge. In (a), theYoung’s modulusof the
backgroundarea is 5 (kPa). In (b), the background
areais labeledas”low”.

3.4 Other Genetic Operators

To minimize the objective function using a CGA, we
specifyseveralimportantgeneticoperators.We usea stan-
dardGaussianmutationoperator:

o>pG �qo G �$r K ��m =�j 	 (8)

where
o G is the value of gene , before mutation,

o pG is
the value of gene , after mutation, K ��m =�j 	 is a random
Gaussiannumber, and

r
is the mutationstep. The muta-

tion step is determinedby a predefineddecayrate s as:rt� � 	u� s rt� �W1vj 	 , where � is a generationcounter. s is
usually set at the rangeof (0.9, 1.0). We experimented
with dynamicsettingof mutationprobability

��V
c
	

using
populationstatisticsand did not find significantimprove-
ment. Sowe set

V
c to a fixedvalueof 0.5. Therelatively

high mutationrate is usedto maintainthe populationdi-
versityandpreventprematureconvergence.We alsofound
that one-pointcrossover andmultiple-pointcrossover per-
form equallywell, at leastin this particularproblem. The
crossoverprobability

��V?wx	
is fixedto 0.7.Bothparentselec-

tion andreplacementoperatorsareimplementedastourna-
mentselection(k = 2) with anelitismstrategy enabled(elite
ratio is setto 10%of thepopulationsize).

4 EXPERIMENTAL RESULTS

4.1 Model Setup

We useda syntheticforward model to generatenoise-
freedisplacementswith apredefinedYoung’smodulus.The
forwardmodelwasa two dimensionalthin plate(10 cm by
10cm)andwasdiscretizedto 61nodesand100triangleel-
ements(Figure3 (a)). Wechoseasmallsquarein theupper-
left cornerastheabnormalareawith highYoung’smodulus

(a)GA, 0%noise (b) GA, 10%noise

(c) CGA, 0%noise (d) CGA, 10%noise

Figure 4. ReconstructedYoung’smodulusbyGAand
CGA.Note: the original figuresare plottedin color.
Onthecolor scale, redandblueindicatehighandlow
Young’s modulusvalue, respectively. On grayscale
print, mostof the darker isolatedareashavehigher
Young’smodulusvalues.

value(25 kPa). The abnormalareaincludes4 triangleel-
ements(elementID: 23, 24, 71, 72). We set the Young’s
modulusin therestof domainto be5 kPa. Weaddedforces
at theboundariesto generatenoise-freedisplacements.We
thenrunbothGA andCGAonthosenoise-freedatatostudy
to what degreethe Young’s modulusin the abnormalarea
canbereproduced.As oura priori knowledge,thefour ele-
mentsin thesquarewereidentifiedasa potentialabnormal
area.We labeledthefour elementsas”high” andotherele-
mentsas”low” (Figure3 (b)). To testtheproposedmethod
againstnoisydata,weadded10%white noiseto thenoise-
freedata. Theexperimentswereperformedon both noisy
andnoise-freedatafor comparison.We usedGaussiandis-
tribution asthe initial guessof � . For this 2D experiment,
wefoundthatapopulationsizeof 30is largeenoughfor the
algorithmto convergeto a goodsolutionwith lessthan300
generations.For morecomplex 3D problems,anincreasein
populationsizeandgenerationnumbermightbenecessary.

4.2 Performance Analysis

The performanceof the proposedmethodis evaluated
basedon the reconstructedshapeand Young’s modulus
valueof theabnormalareaaswell astheconvergencerate.
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Table 1. Constructed E (kPa) in abnormal area
ElementID TrueE (a) (b) (c) (d)

23 25 15.3 17.8 24.7 18.6
24 25 17.6 12.3 20.8 17.2
71 25 20.8 19.4 18.5 23.9
72 25 15.9 16.1 24.9 21.3

average 25 17.4 16.4 22.2 20.3

(a) GA,0% Gaussiannoiseon measurementdata. (b) GA,
10%noise. (c) CGA,0%noise. (d) CGA,10%noise.

For eachtestcase,werun10experimentsandthereforethe
conclusionsaredrawn from theaverageof 10runs.

TheconstructedYoung’smodulusareshown in Figure4.
Givennoise-freedata,both GA andCGA canfind theab-
normalareawith theboundarywell defined.For noisecor-
rupteddata,theCGA (with gooda priori knowledge)still
successfullyisolatestheabnormalareaalthoughthebound-
ariesareblurred,while theGA failedto find anacceptable
solutionasevidencedby the multiple abnormalareasthat
donotexist in theforwardmodel.

ThereconstructedYoung’smodulusof theabnormalarea
is summarizedin Table1. As expected,resultsfrom the
CGA aremoreaccuratethanthosefrom theGA.

The minimizationprocessesareplotted in Figure5. It
is clearthat theCGA outperformstheGA by reachingthe
sameerrorlevel with muchlessgenerations.Of course,this
convergenceexpeditionis meaningfulonly if gooda priori
knowledge is used.

Although CGA is a computationallyintensive method,
it hasa very desirablefeatureof beingnot sensitive to the
initial condition(we useda Gaussiandistribution asinitial
guessin all the experiments). In our previous study us-
ing gradientbasedmethods,startingpoints that areaway
from thetruesolutionoftencausethealgorithmto converge
to a local minimum or simply diverge. A hybrid scheme
is an attractive option whereCGAs provide a goodinitial
globalapproximation,uponwhich moreefficient local gra-
dientmethodscanbeapplied[9]. It shouldbenotedthatthe
forwardmodelusedto computethefitnessfunctionis usu-
ally the bottleneckof theoptimizationprocess.In our ex-
perimentsconductedonSunSparcultra 5 (248MHz, 2560
Mb), eachrun took about12 hours,of which 95% of the
timewasconsumedby theforwardmodel.

5 SUMMARY

We presenta constrainedgeneticapproachfor recon-
structingthe Young’s modulusof elasticobjectunderde-
formation. This approachutilizesa rankbasedmechanism
to incorporatea priori knowledge to constraintheadmissi-

Figure 5. Theconvergencebehaviorof GAandCGA
againstnoisyandnoise-freedata.

blesolutions.Experimentswith noisydataindicatethatthe
Young’smoduluscanbesuccessfullyrecoveredandsignifi-
cantimprovementsin bothconvergencerateandreconstruc-
tion accuracy havebeenobserved.
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