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Abstract

This paper presentsa constained genetic approacd
(CGA) for reconstructingthe Young’s modulusof elastic
objects. Qualitative a priori informationis incorporated
usinga rank basedschemeto constain the admissibleso-
lutions. Balancebetweerthe fithessfunction (adhesiono
the measuementdata) and the penaltyfunction(fidelity to
a priori knowled@) is achievedby a stotasticsort algo-
rithm. Theoversmoothingof Young's modulusdiscontinu-
ity is avoidedwithouttheneedof computinga deterministic
weightcoeficient. The experimenton syntheticdata indi-
catesthat the proposedmethodnot only reconstructede-
liable Young’s modulusfrom noisydata, but also expedited
thecorvemgenceprocesssignificantly

1 Introduction

Elastographyis an noninvasive techniquefor imaging
elasticpropertiegYoung's modulus)of soft objects. This
techniqueis of interestto physiciansfor its potentialsin
earlycancemetectiorandburnscarassessmeffiz, 12]. Re-
constructingroung's modulusis alsoimportantfor physics
basednodelingin computelgraphicsandvision[5, 10], be-
causamodelingresultsarestronglyaffectedby theaccurag
of materialpropertiedbeingused.

We canreconstructhe Young’s modulusof anobjectby
measuringts elasticdeformatiorsubjectto externalforces.
Becausef theill-posednatureof this inverseproblem([7]
we have to usea priori knowledgeto constrainthe system
sothatanoptimalandstablesolutioncanbefound.

Severalimportantissuesnustbe addressedbr arecon-
structionproblem: (1) How the a priori informationis in-
corporated? (2) How the contritutionsfrom measurement
dataanda priori informationis balance® (4) Whatmethod
is usedto solve theconstrainedninimizationequatiorn?
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We proposeto use a constrainedgenetic algorithm
(CGA) to reconstructhe Young's modulusasa distributed
parameterThis approacthasthefollowing features:

(1) apriori knowledgeis incorporatedhrougharankta-
ble, which enableausto handlethe qualitative information
that cannot be readily expressedas a continuousfunction
andits derivatives. This kind of informationaboutthe ob-
ject’s propertiecanbecollectedfrom eitherexperts(visual
examination)or low level imageprocessing.

(2) The balancebetweenthe fitnessfunction (measure-
mentdata)andthe penaltyfunction(a priori knowledge)is
achievedthroughstochastiegankingratherthanby comput-
ing a deterministioveightcoeficient.

(3) Reconstructioproblemsareoftensolvedin a deter
ministic way, wherethe useof gradientbasednethodsare
common([l]. Kallel and Bertrandconductedexperiments
on elasticmodel using standardNewton-Raphsommethod
[4]. In apreviousstudy[12, 14], we useda steepestlescent
searchto identify abnormalYoung’s modulusfor burn scar
assessmeniThe commondrawbackof the gradientbased
methodsds thatthey arevery sensitve to the startingpoint
andhenceoften stuckin local minimum. Thisis very true
whenhighly nonlinearphysicalmodelsare usedwhich re-
sultsin anextremelycomplex solutionspacehatis charac-
terizedby mary local minima.

Recentlysolvinginverseproblemsn stochastidomains
(global optimization) has receved much attention. The
stochastinatureof the geneticalgorithm offers us a bet-
ter chanceto find a more optimal solutionby escapindo-
cal minima. Wong and Guan[13] usedevolutionary pro-
grammingto solve anadaptvely regularizedimagerestora-
tion problem.In electricalimpedanceéomographyOIlmi et
al [6] reportedthat a geneticalgorithmis superiorto the
Newton-Raphsomethodin termsof the reconstructiorac-
curag. In this study we demonstratéhatit is possibleto
reconstructhe Youngsmodulususinga CGA andthestrict
requiremenbn startingpoint canberelaxed.



2 Finite Element Formulation of Young's
M odulus Reconstruction

The elasticbehaior of the body being actedupon by
forcescanbestatedasainitial-boundaryvalueproblem:

0%u
V- (De) +pf = por 1)

wheree is straintensor D is amatrixthatincludesYoung’s
modulus(E) to berecovered,u is a displacemenvector, p
is themassdensity andf is aforcevector D alsoincludes
Poissors ratio, which is assumedhsa constant(0.495)in
this studybecausef the small compressibilityof soft tis-
sues.

To solve (1), wetransformit into amatrix equatiorusing
Galerkinmethod[15]:

Mii + Cii + Ku = F(t) )

whereM is the massmatrix, C is the dampingmatrix, and
K is the stiffnessmatrix. In our study (2) is simplifiedto
thestaticcase:

Ku=F 3)

We reformulate(3) into:
AE)=b (4)

where b denotesboundary specifications(Dirichlet and
NeumannjncludingdisplacementeasurementandA is
anoperatorthatrepresentshe forward physicalmodel. A
is usuallynonlinearandcanbe linearizedusingthe pertur
bationmethod.

Becauseof the discontinuousdependencef E on b,
the standardleast squaremethodin the form of min ||
AE - b || cannotguarantee stableandoptimal solution.
The situationgetsworsewhenvector E hasmore compo-
nentsthanb does.A priori knowledgeis thereforeneeded
to constraintheleastsquaresolution:

E = arg.min[L1(AE,b) + SLy(E,Epri0r)]  (5)
whereL; measureshefidelity of the solution AE to data
b, L, denoteghe distancebetweerthe computedsolution

E andtheexpectedsolutionE,,;, defininga priori knowl-
edgeonE.

3 Constrained Genetic Algorithm
3.1 Genetic Encoding

We interpret the Young's modulus of finite element
model as a chromosoman a CGA througha one-to-one
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Figure 1. Geneticcodingof Young's modulusin a
finite elementmodel

mappingbetweerelementandgene(Figurel). So,if thefi-

nite elemenimeshhasN elementsthecorrespondinghro-
mosomehasN genesEachchromosomén the population
poolrepresentapossibleYoung’modulusdistribution. Be-
causeYoung's modulushascontinuousvalueswe usereal-
valuedencoding(double)insteadof a string of bits.

3.2 Rank Based Constraint

In the stochastidframework of geneticalgorithms,the
ill-posednessxhibits itself as local plateausin the land-
scapeof admissiblesolutionspace.Geneticalgorithmsare
morestablein the sensehatit canalwayscorvergeto aso-
lution, eventhoughit may not be optimal. Constraintsare
imposedon solutionsthroughpenaltyfunctions,which are
equivalentto the regularizationstabilizersor precondition-
ersin thedeterministidramework.

We formulatethe objective functionto be minimizedby
a CGA as a combinationof the fitnessfunction and the
penaltyfunction:

obj(E) =|| A(E) - d || +wP(E) (6)

Where A (E) is displacemenfrom finite elementmodel,
d is the measuredlisplacementector, n is the numberof
nodesnwhichthemeasuremer$ made, P(E) isapenalty
function, andw is a weight coeficient (regularizationpa-
rameter).

Likein theproblemof splineandsurfacefitting, Young’s
modulus can be regarded as a spatial function E(x)
that possessesa certain degree of continuity and there-
fore the smoothnessonstraintimposedon the surface of
E(x) canbeformulatedasa quadraticintegral functional:



Jr |AE(x)|2dx whereA is the Laplaceoperator Oneof
theproblemswith thisglobalsmoothnessonstrainis thatit
mightoverdamphediscontinuityof Young'smoduluscom-
monly obsened at the boundaryof abnormalareason the
orderof severalmagnituden ourburnscarstudy[12]). Var-
iousadaptve regularizationschemesave beenproposedo
accommodatéhe local discontinuity[11, 3, 1].

Sincewe usuallyhave goodqualitatve knowledgeabout
therelatve E from a medicalexpert’s assessmengr from
low level imagecuessuchasintensitygradient,color and
texture, we proposean alternatve rank basedmethodto
computethe penaltyfunction. In eachsolution (chromo-
some),elementggenes)areranked basedon their relative
Young’s modulusandrecordedn a sortedranktable. Sim-
ilarly, we transformthe qualitative a priori knowledgeinto
anotherranktable. For eachelementwe computethe dif-
ferenceof its rank positionsin two rank tables. We then
sumup the rank discrepang of all elementdo represents
thedistancebetweerthe solutionanda priori knowledge:

PE)=)>|ri-R:|’ (7)
im1

wherer; is therank positionof element in theranktable
of solutionE. R; is the rank positionof element; in the
ranktableof a priori knowledge.

Figure 2 illustratesthe ranking schemeusing a simple
two-dimensionamodelof 4 elements.As a priori knowl-
edge,the Young's modulusof eachelementis labeledas
"high”, "mid” and”low”. This qualitatve informationis
thentransformednto aranktablewhereelementsaresorted
in descendingrder If n element{n > 1) have the same
label, then they all can have n potential rank positions,
whichwill be determinedy its counterparin the solution
ranktable. For instance poth element(1) andelement(4)
arelabeledas”low”, thereforetheir rank positioncanbe 3
or 4. In solution 1, the ranksof element(2) and element
(3) matchexactly with their ranksin the table of a priori
knowledge. For element(1), its rankin the solutiontable
is 3, while its rankin a priori tableis [3,4]. In the caseof
multipleranks,we selecthevaluethatis closesto its coun-
terpartin thesolutiontable,whichis 3 for elemen{(1). Sim-
ilarly, for element4), we select4 from its multiple a priori
rank [3,4]. The final penaltyvalueis zero (P(E) = 0).
In contrast,solution 2 hasa E distribution that is differ-
entfrom a priori knowledgeandthusa shufledranktable,
whichleadsto a higherpenaltyvalueof 6.

We alsointroduceanothempenaltyfunctionthatspecifies
the maximumand minimum Young’s modulusan element
couldhave. This upperboundandlower boundcanbe ob-
tainedeitherfrom literatureor fromin situ measurement.

This rankbasedapproactasthe advantagehatit is in-
trinsically piecavise andthus preseresthe parametedis-
continuity (althougha strongsmoothnessonstraintanstill
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Figure 2. Therankbasedschemefor incorporating
qualitativea priori information. Thenumbes in the
parenthesedenoteglementD andtheboldnumbes
at thelowerleft cornerof elementsepresentYoung’s
modulug(kPa).

be imposedin areasof little E variations). This approach
is particularly suitablefor imagebasedmedicaldiagnosis
suchas scarassessmentyherewe are only interestedn
identifying and quantifyingabnormalareas. Qualitatve a
priori knowledgecanbe collectedby physicianswho iso-
lateandratethescars.More automatianethoddor extract-
ing qualitatve informationfrom intensitygradient,texture
andcolor arecurrentlyunderinvestigation.

3.3 Balancing Fitness and Penalty Functions by
Stochastic Ranking

In the objective function (6), thefitnessfunctionandthe
penaltyfunction are computedon differentquantities(fit-
nessis measuredisdifferenceof displacemen{m), while
penaltyfunctionis the differenceof rank orders(unitless)).
An optimal weight coeficient w is neededo balancethe
contritutionsfrom the fitnessand penaltyfunctions. w is
often problemdependentndfinding an optimal w deter
ministically is still an opentopic. In [8], Runarssorand
Yao presentedh stochastianethodto strike a balancebe-
tweentwo functions withouttheneedfor computingw. We
foundthis methodis well suitedfor the problemof recon-
structingYoung'smodulusby CGAs. Interestedeadersre
refereedo [8] for details.
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Figure 3. Theforward finite elementmodeland a
priori knowled@. In (a), the Young’s modulusof the
bakgroundareais 5 (kPa). In (b), the badkground
areais labeledas”low”.

3.4 Other Genetic Operators

To minimize the objective function using a CGA, we
specifyseveralimportantgeneticoperators We usea stan-
dardGaussianmutationoperator:

E = E; + oN(0,1) (®)

where E; is the value of genes before mutation, E} is

the value of genes after mutation, N(0,1) is a random
Gaussiamumber and ¢ is the mutationstep. The muta-
tion stepis determinedby a predefineddecayrate = as:
a(t) = 7o(t — 1), wheret is a generationcounter r is

usually set at the rangeof (0.9, 1.0). We experimented
with dynamicsettingof mutationprobability (P,,) using
populationstatisticsand did not find significantimprove-

ment. Sowe set P, to afixedvalueof 0.5. Therelatively

high mutationrate is usedto maintainthe populationdi-

versityandpreventprematurecorvergence.We alsofound

that one-pointcrosseer and multiple-pointcrosseer per

form equallywell, at leastin this particularproblem. The

crosseerprobability(P,) is fixedto 0.7. Both parentselec-
tion andreplacemenbperatorsareimplementedastourna-
mentselectionk = 2) with anelitism strateyy enabledelite

ratiois setto 10% of thepopulationsize).

4 EXPERIMENTAL RESULTS
4.1 Mode Setup

We useda syntheticforward modelto generatenoise-
freedisplacementwith apredefinedroungsmodulus.The
forwardmodelwasa two dimensionathin plate(10 cm by
10cm)andwasdiscretizedo 61 nodesand100triangleel-
ementgFigure3 (a)). We choseasmallsquaren theupper
left cornerastheabnormakreawith high Youngsmodulus
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Figure 4. Reconstructedoung’smodulusby GAand
CGA. Note: the original figuresare plottedin color.

Onthecolor scalg redandblueindicatehighandlow

Young's modulusvalue respectively On grayscale
print, mostof the darker isolatedareashavehigher
Young's modulusvalues.

value (25 kPa). The abnormalareaincludes4 triangleel-
ements(elementlD: 23, 24, 71, 72). We setthe Young's
modulusin therestof domainto be 5 kPa. We addedorces
attheboundariedo generatanoise-freedisplacementsWe
thenrunbothGA andCGA onthosenoise-frealatato study
to what degreethe Young’s modulusin the abnormalarea
canbereproducedAs oura priori knowledge thefour ele-
mentsin the squarewereidentifiedasa potentialabnormal
area.We labeledthefour elementsas”high” andotherele-
mentsas’low” (Figure3 (b)). To testthe proposednethod
againstnoisydata,we added1 0% white noiseto the noise-
free data. The experimentswere performedon both noisy
andnoise-freedatafor comparisonWe usedGaussiardis-
tribution asthe initial guessof E. For this 2D experiment,
wefoundthatapopulationsizeof 30is largeenougtfor the
algorithmto corvergeto a goodsolutionwith lessthan300
generationskFor morecomplex 3D problemsanincreasen
populationsizeandgeneratiomumbemmightbe necessary

4.2 Performance Analysis
The performanceof the proposedmethodis evaluated

basedon the reconstructedshapeand Young's modulus
valueof theabnormalareaaswell asthe corvergencerate.



Table 1. Constructed E (kPa) in abnormal area
| ElementiD || TrueE | (@) | (b) [ (¢) | (d) |

23 25 15.3| 17.8| 24.7| 18.6
24 25 17.6| 12.3| 20.8| 17.2
71 25 20.8| 19.4| 18.5| 23.9
72 25 159 16.1| 24.9| 21.3
| average | 25 [17.4]16.4]22.2]20.3]

(a) GA, 0% Gaussiamoiseon measuementdata. (b) GA,
10%noise (c) CGA,0% noise (d) CGA,10%noise

For eachtestcasewe run 10 experimentandthereforethe
conclusionaredravn from theaverageof 10runs.

Theconstructed¥oung’smodulusareshovnin Figure4.
Given noise-freedata,both GA and CGA canfind the ab-
normalareawith the boundarywell defined.For noisecor-
rupteddata,the CGA (with gooda priori knowledge)still
successfullysolategheabnormakreaalthoughthebound-
ariesareblurred,while the GA failedto find anacceptable
solutionas evidencedby the multiple abnormalareasthat
donotexist in theforwardmodel.

Thereconstructedfoungsmodulusof theabnormahbrea
is summarizedn Table1. As expected,resultsfrom the
CGA aremoreaccuratehanthosefrom the GA.

The minimization processesre plottedin Figure5. It
is clearthatthe CGA outperformghe GA by reachingthe
sameerrorlevel with muchlessgenerationsOf coursethis
convergenceexpeditionis meaningfulonly if gooda priori
knowledgis used.

Although CGA is a computationallyintensve method,
it hasa very desirablefeatureof beingnot sensitve to the
initial condition(we useda Gaussiardistribution asinitial
guessin all the experiments). In our previous study us-
ing gradientbasedmethods,startingpoints that are away
from thetruesolutionoftencausehealgorithmto corverge
to a local minimum or simply diverge. A hybrid scheme
is an attractive option where CGAs provide a goodinitial
globalapproximationuponwhich moreefficientlocal gra-
dientmethodsanbeapplied[9]. It shouldbenotedthatthe
forwardmodelusedto computethe fitnessfunctionis usu-
ally the bottleneckof the optimizationprocess.In our ex-
perimentsconductecdn SunSparcultra 5 (248 MHz, 2560
Mb), eachrun took about12 hours,of which 95% of the
time wasconsumedy theforwardmodel.

5 SUMMARY

We presenta constrainedgeneticapproachfor recon-
structingthe Young's modulusof elasticobjectunderde-
formation. This approachutilizes arank basednechanism
to incorporatea priori knowledg to constrainthe admissi-
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Figure 5. Thecorvergencebehaviorof GAandCGA
againstnoisyandnoise-feedata.

ble solutions.Experimentawvith noisy dataindicatethatthe
Young’s moduluscanbesuccessfullyecoseredandsignifi-
cantimprovementsn bothcornvergenceateandreconstruc-
tion accuray have beenobsened.
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